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Abstrat
Let X be a projetive variety over an algebraially losed eld k of
harateristi 0. We onsider ategories of rational maps from X to om-
mutative algebrai groups, and ask for objets satisfying the universal
mapping property. A neessary and suient ondition for the existene
of suh universal objets is given, as well as their expliit onstrution,
using duality theory of generalized 1-motives.
An important appliation is the Albanese of a singular projetive vari-
ety, whih was onstruted by Esnault, Srinivas and Viehweg as a universal
regular quotient of a relative Chow group of 0-yles of degree 0 modulo
rational equivalene. We obtain funtorial desriptions of the universal
regular quotient and its dual 1-motive.
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0 Introdution
For a projetive variety X over an algebraially losed eld k a generalized
Albanese variety Alb (X) is onstruted by Esnault, Srinivas and Viehweg in
[ESV℄ as a universal regular quotient of the relative Chow-group CH0 (X)
0
of
Levine-Weibel [LW℄ of 0-yles of degree 0 modulo rational equivalene. This is
a smooth onneted ommutative algebrai group, universal for rational maps
from X to smooth ommutative algebrai groups G fatoring through a homo-
morphism of groups CH0 (X)
0
−→ G(k). It is not in general an abelian variety
if X is singular. Therefore it annot be dualized in the same way as an abelian
variety.
Laumon built up in [L℄ a duality theory of generalized 1-motives in hara-
teristi 0, whih are homomorphisms [F → G] from a ommutative torsion-free
formal group F to a onneted ommutative algebrai group G. The universal
regular quotient Alb (X) an be interpreted as a generalized 1-motive by setting
F = 0 and G = Alb (X). The motivation for this work was to nd the funtor
whih is represented by the dual 1-motive, in the situation where the base eld k
is algebraially losed and of harateristi 0. The duality gives an independent
proof (alternative to the ones in [ESV℄) as well as an expliit onstrution of
the universal regular quotient in this situation (f. Subsetion 3.6). This forms
one of the two main results of the present artile:
Theorem 0.1 Let X be a projetive variety over an algebraially losed eld k
of harateristi 0, and X˜ −→ X a projetive resolution of singularities. Then
the universal regular quotient Alb (X) exists and there is a subfuntor Div0eX/X
of the relative Cartier divisors on X˜ (f. Subsetion 3.4, Denition 3.24) suh
that the dual of Alb (X) (in the sense of 1-motives) represents the funtor
Div0eX/X −→ Pic
0
eX
i.e. the natural transformation of funtors whih assigns to a relative Cartier
divisor the lass of its assoiated line bundle. Pic0eX is represented by an abelian
variety and Div0eX/X by a formal group.
The other main result (Theorem 0.3) is a more general statement about the
existene and onstrution of universal objets of ategories of rational maps
(the notion of ategory of rational maps is introdued in Denition 2.23, but
the name is suggestive). This onept does not only ontain the universal regular
quotient, but also the generalized Jaobian of Rosenliht-Serre [S3, Chapter V℄
as well as the generalized Albanese of Faltings-Wüstholz [FW℄ as speial ases
of suh universal objets.
We only deal with a base eld of harateristi 0, although the universal
regular quotient exists in any harateristi. A rst reason for this is that
Laumon's 1-motives are only dened in harateristi 0. In order to math the
ase of arbitrary harateristi, one rst needs to dene a new ategory of 1-
motives (in any harateristi) whih ontains smooth onneted ommutative
algebrai groups as a subategory. A ommutative torsion-free formal group
in harateristi 0 is ompletely determined by its k-valued points and its Lie-
algebra (f. Corollary 1.7), the rst form a free abelian group of nite rank, the
latter is a nite dimensional k-vetor spae. This allows to give an expliit and
transparent desription, whih might not be possible in positive harateristi.
2
0.1 Leitfaden
In the following we give a short summary of eah setion.
Setion 1 provides some basi fats about generalized 1-motives, whih are
used in the rest of the paper. A onneted ommutative algebrai group G
is an extension of an abelian variety A by a linear group L. Then the dual
1-motive of [0→ G] is given by [L∨ → A∨], where L∨ = Hom(L,Gm) is the
Cartier-dual of L and A∨ = Pic0A = Ext (A,Gm) is the dual abelian variety, and
the homomorphism between them is the onneting homomorphism in the long
exat ohomology sequene obtained from 0 → L → G → A → 0 by applying
the funtor Hom(_,Gm).
Setion 2 states the universal fatorization problem with respet to a at-
egory Mr of rational maps from a regular projetive variety Y to onneted
ommutative algebrai groups (f. Denition 2.37):
Denition 0.2 A rational map (u : Y 99K U) ∈Mr is alled universal for Mr
if for all objets (ϕ : Y 99K G) ∈Mr there is a unique homomorphism of alge-
brai groups h : U −→ G suh that ϕ = h ◦ u up to translation.
An essential ingredient for the onstrution of suh universal objets is the
funtor of relative Cartier divisors DivY on Y , whih assigns to an ane sheme
T a family of Cartier divisors on Y , parameterized by T . This funtor admits
a natural transformation cl : DivY −→ PicY to the Piard funtor PicY , whih
maps a relative divisor to its lass. Then Div0Y := cl
−1 Pic0Y is the funtor
of families of Cartier divisors whose assoiated line bundles are algebraially
equivalent to the trivial bundle.
We give a neessary and suient ondition for the existene of a universal
objet for a ategory of rational maps Mr whih ontains the ategory Mav
of morphisms from Y to abelian varieties and satises a ertain stability on-
dition (♦), see Subsetion 2.3. Loalization of Mr at the system of injetive
homomorphisms does not hange the universal objet; denote this loalization
by H−1I Mr. We observe that a rational map ϕ : Y 99K G, where G is an
extension of an abelian variety by a linear group L, indues a natural transfor-
mation L∨ −→ Div0Y . If F is a formal group that is a subfuntor of Div
0
Y , then
MrF denotes the ategory of rational maps for whih the image of this indued
transformation lies in F . We show (f. Theorem 2.39):
Theorem 0.3 For a ategory Mr ontaining Mav and satisfying (♦) there
exists a universal objet AlbMr (Y ) if and only if there is a formal group F ⊂
Div0Y suh that H
−1
I Mr is equivalent to H
−1
I MrF .
The universal objet AlbF (Y ) of MrF is an extension of the lassial Al-
banese Alb (Y ), whih is the universal objet of Mav, by the linear group F∨,
the Cartier-dual of F . The dual 1-motive of [0 −→ AlbF (Y )] is hene given by[
F −→ Pic0Y
]
, whih is the homomorphism indued by the natural transforma-
tion cl : Div0Y −→ Pic
0
Y .
The universal regular quotient Alb (X) of a (singular) projetive variety X
is by denition the universal objet for the ategory MrCH0(X)
0
of rational
maps fatoring through rational equivalene. More preisely, the objets of
MrCH0(X)
0
are rational maps ϕ : X 99K G whose assoiated map on zero-
yles of degree zero Z0 (U)
0
−→ G(k),
∑
ni pi 7−→
∑
ni ϕ(pi) (here U is the
3
open set on whih ϕ is dened) fators through a homomorphism of groups
CH0 (X)
0
−→ G(k), where CH0 (X) denotes the relative Chow group of 0-
yles CH0(X,Xsing) in the sense of [LW℄. Suh a rational map is regular on
the regular lous of X and may also be onsidered as a rational map from X˜ to
G, where π : X˜ −→ X is a projetive resolution of singularities. In partiular,
if X is nonsingular, the universal regular quotient oinides with the lassial
Albanese. The ategory MrCH0(X)
0
ontains Mav and satises (♦). Therefore
our problem redues to nding the subfuntor of Div0eX whih is represented by
a formal group F suh that MrF equivalent to Mr
CH0(X)
0
.
Setion 3 answers the question for the formal group F whih haraterizes
the ategory MrCH0(X)
0
. This is a subfuntor of Div0eX whih measures the
dierene between X˜ and X .
If π : Y −→ X is a proper birational morphism of varieties, the push-
forward of yles gives a homomorphism π∗ : WDiv(Y ) −→ WDiv(X) from
the group of Weil divisors on Y to the group of those on X . For a urve
C we introdue the k-vetor spae LDiv(C) of formal innitesimal divisors,
whih generalizes innitesimal deformations of the zero divisor. There exist non-
trivial innitesimal deformations of Cartier divisors, but not of Weil divisors,
sine prime Weil divisors are always redued. Formal innitesimal divisors also
admit a push-forward π∗ : LDiv(Z) −→ LDiv(C) for nite morphisms π : Z −→
C of urves, e.g. for the normalization, whih is a resolution of singularities.
There exist natural homomorphisms weil : DivY (k) −→ WDiv(Y ) and fml :
Lie(DivZ) −→ LDiv(Z).
For a urve C, a natural andidate for the formal group we are looking for
is determined by the following onditions:
Div0eC/C(k) = ker
(
Div0eC(k)
weil
−→WDiv
(
C˜
) pi∗−→WDiv(C))
Lie
(
Div0eC/C
)
= ker
(
Lie
(
Div0eC
) fml
−→ LDiv
(
C˜
) pi∗−→ LDiv(C)) .
For a higher dimensional variety X , the denition is derived from the one for
urves as follows. A morphism of varieties V −→ Y indues a natural transfor-
mation: the pull-bak of relative Cartier divisors _·V : DecY,V −→ DivV , where
DecY,V is the subfuntor of DivY onsisting of those relative Cartier divisors on
Y whih do not ontain any omponent of im(V −→ Y ). Then we let Div0eX/X
be the formal subgroup of Div0eX haraterized by the onditions
Div0eX/X(k) =
⋂
C
(
_ · C˜
)−1
Div0eC/C(k)
Lie
(
Div0eX/X
)
=
⋂
C
(
_ · C˜
)−1
Lie
(
Div0eC/C
)
where the intersetion ranges over all Cartier urves in X relative to the singular
lous of X in the sense of [LW℄. Atually, it is not neessary to onsider all
Cartier urves, the funtor Div0eX/X an be omputed from one single general
urve. The veriation of the equivalene between MrCH0(X)
0
and MrDiv0
fX/X
is done using loal symbols, for whih [S3℄ is a good referene.
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This gives an independent proof of the existene (alternative to the ones in
[ESV℄) as well as an expliit onstrution of the universal regular quotient over
an algebraially losed base eld of harateristi 0 (f. Subsetion 3.6).
The universal regular quotient for semi-abelian varieties, i.e. the universal
objet for rational maps to semi-abelian varieties fatoring through rational
equivalene (whih is a quotient of our universal regular quotient), is a lassial
1-motive in the sense of Deligne [Dl, Dénition (10.1.2)℄. The question for the
dual 1-motive of this objet was already answered by Barbieri-Viale and Srinivas
in [BS℄.
Aknowledgement. This artile onstitutes the heart of my PhD thesis.
I am very grateful to my advisors Hélène Esnault and Ekart Viehweg for their
support and guidane, and for the interesting subjet of my thesis, whih fasi-
nated me from the rst moment. I owe thanks to Kay Rülling for an important
hint. Moreover, I would like to thank Kazuya Kato for his interest in my studies
and many helpful disussions.
0.2 Notations and Conventions
k is a xed algebraially losed eld of harateristi 0. A variety is a redued
sheme of nite type over k. A urve is a variety of dimension 1. Algebrai
groups and formal groups are always ommutative and over k. We write Ga for
Ga,k = Spec k[t] and Gm for Gm,k = Spec k
[
t, t−1
]
. The letter G stands for a
linear algebrai group whih is either Ga or Gm.
If Y is a sheme, then y ∈ Y means that y is a point in the Zariski topologial
spae of Y . The set of irreduible omponents of Y is denoted by Cp(Y ).
If M is a module, then SymM is the symmetri algebra of M . If A is a
ring, then KA denotes the total quotient ring of A. If Y is a sheme, then KY
denotes the sheaf of total quotient rings of OY . The group of units of a ring R
is denoted by R∗.
If σ : Y −→ X is a morphism of shemes, then σ# : OX −→ σ∗OY denotes
the assoiated homomorphism of struture sheaves.
We think of Ext1 (A,B) as the spae of extensions of A by B and therefore
denote it by Ext (A,B).
The dual of an objet O in its respetive ategory is denoted by O∨, whereas
Ô is the ompletion of O. For example, if V is a k-vetor spae, then V ∨ =
Homk (V, k) is the dual k-vetor spae; if G is a linear algebrai group or a
formal group, then G∨ = HomAb/k (G,Gm) is the Cartier-dual; if A is an abelian
variety, then A∨ = Pic0A is the dual abelian variety.
1 1-Motives
The aim of this setion is to summarize some foundational material about gen-
eralized 1-motives (following [L, Setions 4 and 5℄), as far as neessary for the
purpose of these notes.
Throughout the whole work the base eld k is algebraially losed and of har-
ateristi 0.
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1.1 Algebrai Groups and Formal Groups
Here we reall some basi fats about algebrai groups and the notion of a formal
group. Referenes for formal groups and Cartier duality are e.g. [SGA3, VIIB℄,
[Dm, Chapter II℄ and [Fo, Chapitre I℄.
Algebrai Groups
An algebrai group is a ommutative group-objet in the ategory of separated
shemes of nite type over k. As char (k) = 0, an algebrai group is always
smooth (see [M2, Chapter III, No. 11, p. 101℄).
Theorem 1.1 (Chevalley) A smooth onneted algebrai group G admits a
anonial deomposition
0 −→ L −→ G −→ A −→ 0
where L is a onneted linear algebrai group and A is an abelian variety.
(See [Ro, Setion 5, Theorem 16, p. 439℄ or [B, Theorem 3.2, p. 97℄ or [C℄.)
Theorem 1.2 A onneted linear algebrai group L splits anonially into a
diret produt of a torus T and a unipotent group V:
L = T ×k V .
A torus over an algebraially losed eld is the diret produt of several opies
of the multipliative group Gm. For char (k) = 0 a unipotent group is always
vetorial, i.e. is the diret produt of several opies of the additive group Ga.
(See [SGA3, Exposé XVII, 7.2.1℄ and [L, (4.1)℄.)
Formal Groups
A formal sheme over k is a funtor from the ategory of k-algebras Alg/k to
the ategory of sets Set whih is the indutive limit of a direted indutive set
of nite k-shemes: F is a formal sheme if there exists a direted projetive
system (Ai) of nite dimensional k-algebras and an isomorphism of funtors F ∼=
lim
−→
Spf Ai, where Spf Ai : Alg/k −→ Set is the funtor R 7−→ Homk-Alg(Ai, R).
Equivalently, there is a pronite k-algebra A, i.e. A is the projetive limit (as
a topologial ring) of disrete quotients whih are nite dimensional k-algebras,
and an isomorphism of funtors F ∼= Spf A, where Spf A is the funtor whih
assigns to a k-algebra R the set of ontinuous homomorphisms of k-algebras
from A to the disrete ring R. (Cf. [Dm, Chapter I, No. 6℄.)
A formal group G is a ommutative group-objet in the ategory of formal
shemes over k, suh that G(k) is an abelian group of nite type and mG,0/m
2
G,0
is a nite dimensional k-vetor spae, where mG,0 is the maximal ideal of the
loal ring OG,0. If char (k) = 0, a formal group G is always equi-dimensional
and formally smooth, i.e. there is a natural number d ≥ 0 suh that OG,0 ∼=
k [[x1, . . . , xd]] (f. [L, (4.2)℄).
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Theorem 1.3 A formal group G admits a anonial deomposition
G ∼= Ge´t × Ginf
where Ge´t is étale over k and Ginf is the omponent of the identity (alled in-
nitesimal formal group).
(See [Fo, Chapitre I, 7.2℄ or [L, (4.2.1)℄.)
Theorem 1.4 An étale formal group Ge´t admits a anonial deomposition
0 −→ Gtore´t −→ Ge´t −→ G
lib
e´t −→ 0
where Gtore´t is the largest sub-group sheme whose underlying k-sheme is nite
and étale, and Glibe´t (k) is a free abelian group of nite rank.
(See [L, (4.2.1)℄.)
Theorem 1.5 For char (k) = 0, the Lie-funtor gives an equivalene between
the following ategories:
{innitesimal formal groups/k} ←→ {nite dim. vetor spaes/k}
(Cf. [SGA3, VII
B
, 3.3.2.℄.)
Remark 1.6 Theorem 1.5 says that for an innitesimal formal group Ginf ,
there is a nite dimensional k-vetor spae V , namely V = Lie (Ginf), suh that
Ginf ∼= Spf
(
̂SymV ∨
)
, where
̂SymV ∨ is the ompletion of the symmetri algebra
SymV ∨ w.r.t. the ideal generated by V ∨. Therefore the R-valued points of Ginf
are given by Ginf(R) = Hom
cont
k-Alg
(
̂Sym
(
Lie (Ginf)
∨)
, R
)
= Lie (Ginf)⊗k Nil(R).
From these struture theorems we obtain
Corollary 1.7 A formal group G in harateristi 0 is uniquely determined by
its k-valued points G(k) and its Lie-algebra Lie (G).
Sheaves of Abelian Groups
The ategory of algebrai groups and the ategory of formal groups an be
viewed as full subategories of the ategory of sheaves of abelian groups:
Denition 1.8 Let
Ab ategory of abelian groups,
Alg/k ategory of k-algebras,
Aff/k ategory of ane k-shemes,
Sch/k ategory of k-shemes,
FSch/k ategory of formal k-shemes.
Aff/k is anti-equivalent to Alg/k. Let Aff/k (resp. Alg/k) be equipped with
the topology fppf. Let
Set/k ategory of sheaves of sets over Aff/k,
Ab/k ategory of sheaves of abelian groups over Aff/k,
Ga/k ategory of algebrai groups over k,
Gf /k ategory of formal groups over k.
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Interpreting a k-sheme X as a sheaf over Aff/k given by
S 7−→ X (S) = Mork (S,X)
or equivalently over Alg/k
R 7−→ X (R) = Mork (SpecR,X)
makes Sch/k a full subategory of Set/k and Ga/k a full subategory of Ab/k.
In the same manner FSch/k beomes a full subategory of Set/k and Gf /k
a full subategory of Ab/k: A formal k-sheme Y = Spf A, whereA is a pronite
k-algebra, is viewed as the sheaf over Aff/k given by
R 7−→ Y (R) = Spf A (R) = Homcontk-Alg (A, R)
whih assigns to a k-algebra R with disrete topology the set of ontinuous
homomorphisms of k-algebras from A to R.
The ategories Ga/k and Gf /k are abelian (see [L, (4.1.1) and (4.2.1)℄).
Kernel and okernel of a homomorphism in Ga/k (resp. Gf /k) oinide with the
ones in Ab/k, and an exat sequene 0 → K → G → C → 0 in Ab/k, where
K and C are objets of Ga/k (resp. Gf /k), implies that G is also an objet of
Ga/k (resp. Gf /k).
1.2 Denition of 1-Motive
In the following by a 1-motive always a generalized 1-motive in the sense of
Laumon [L, Dénition (5.1.1)℄ is meant:
Denition 1.9 A 1-motive is a omplex onentrated in degrees −1 and 0 in
the ategory of sheaves of abelian groups of the form M = [F → G], where F is
a torsion-free formal group over k and G a onneted algebrai group over k.
1.3 Cartier-Duality
Let G be an algebrai or a formal group and let HomAb/k (G,Gm) be the sheaf
of abelian groups over Alg/k assoiated to the funtor
R 7−→ HomAb/R (GR,Gm,R)
whih assigns to a k-algebra R the set of homomorphisms of sheaves of abelian
groups over R from GR to Gm,R. If G is a linear algebrai group (resp. formal
group), this funtor is represented by a formal group (resp. linear algebrai
group) G∨, alled the Cartier-dual of G.
The Cartier-duality is an anti-equivalene between the ategory of linear
algebrai groups and the ategory of formal groups. The funtors L 7−→ L∨ and
F 7−→ F∨ are quasi-inverse to eah other. (See [SGA3, VII
B
, 2.2.2.℄)
The Cartier-dual of a torus T ∼= (Gm)
t
is a lattie of the same rank: T∨ ∼= Zt,
i.e. a torsion-free étale formal group (f. [L, (5.2)℄).
Let V be a nite dimensional k-vetor spae. The Cartier-dual of the veto-
rial group V = Spec (SymV ∨) assoiated to V is the innitesimal formal group
V∨ = Spf
(
ŜymV
)
, i.e. the ompletion w.r.t. 0 of the vetorial group assoiated
to the dual k-vetor spae V ∨ (f. [L, (5.2)℄).
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1.4 Duality of 1-Motives
The dual of an abelian varietyA is given by A∨ = Pic0A. Unfortunately, there is
no analogue duality theory for algebrai groups in general. Instead, we embed
the ategory of onneted algebrai groups into the ategory of 1-motives by
sending a onneted algebrai group G to the 1-motive [0→ G]. The ategory
of 1-motives admits a duality theory.
Theorem 1.10 Let L be a onneted linear algebrai group, A an abelian va-
riety and A∨ the dual abelian variety. There is a bijetion
ExtAb/k (A,L) ≃ HomAb/k (L
∨, A∨) .
Proof. See [L, Lemme (5.2.1)℄ for a omplete proof.
The bijetion Φ : Ext (A,L) −→ Hom(L∨, A∨) is onstruted as follows: Given
an extension G of A by L. By Corollary 1.7 it sues to determine the homo-
morphism Φ(G) : L∨ −→ A∨ on the k-valued points and on the Lie-algebra of
L∨. Let L = T × V be the anonial splitting of L into a diret produt of a
torus T and a vetorial group V (Theorem 1.2). Now
L∨(k) = T∨(k) = HomAb/k(T,Gm)
Lie (L∨) = Lie (V∨) = Homk(Lie(V), k) = HomAb/k(V,Ga)
i.e. χ ∈ L∨(k) gives rise to a homomorphism L −→ T −→ Gm and
χ ∈ Lie (L∨) to a homomorphism L −→ V −→ Ga. Then the image of χ under
Φ(G) is the push-out χ∗G ∈
{
Ext (A,Gm) = Pic
0
A(k) = A
∨(k)
Ext (A,Ga) = Lie
(
Pic0A
)
= Lie (A∨)
0 // L
χ

// G

// A // 0
0 // G // χ∗G // A // 0
where G = Gm or G = Ga.
A onsequene of Theorem 1.10 is the duality of 1-motives:
Let M =
[
F
µ
−→ G
]
be a 1-motive, and 0 → L → G → A → 0 the anonial
deomposition of G (Theorem 1.1). By Theorem 1.10 the omposition µ¯ : F −→
G −→ A denes an extension 0 → F∨ → Gµ¯ → A∨ → 0 and the extension G
denes a homomorphism of sheaves of abelian groups µ¯G : L∨ −→ A∨. Then
µ determines uniquely a fatorization µG : L∨ −→ Gµ¯ of µ¯G, aording to [L,
Proposition (5.2.2)℄, hene gives rise to
Denition 1.11 The dual 1-motive of M =
[
F
µ
−→ G
]
with G ∈ Ext (A,L) is
the 1-motive M∨ =
[
L∨
µG
−→ Gµ¯
]
.
The double dual M∨∨ of a 1-motive M is anonially isomorphi to M (see
[L, (5.2.4)℄).
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2 Universal Fatorization Problem
LetX be a projetive variety over k (an algebraially losed eld of harateristi
0). The universal fatorization problem may be outlined as follows: one is
looking for a universal objet U and a rational map u : X 99K U suh that
for every rational map ϕ : X 99K G to an algebrai group G there is a unique
homomorphism h : U −→ G suh that ϕ = h ◦ u up to translation.
The universal objet U , if it exists, is not in general an algebrai group.
For this aim a ertain niteness ondition on the rational maps is needed. In
this setion we work out a riterion, for whih ategories Mr of rational maps
from X to algebrai groups one an nd an algebrai group AlbMr (X) satisfy-
ing the universal mapping property, and in this ase we give a onstrution of
AlbMr (X). The way of proedure was inspired by Serre's exposé [S2℄, where
the ase of semi-abelian varieties (see Examples 2.33 and 2.45) is treated.
2.1 Relative Cartier Divisors
For the onstrution of universal objets as above we are onerned with the
funtor of families of Cartier divisors. This funtor admits a natural transforma-
tion to the Piard funtor, whih desribes families of line bundles, i.e. families
of lasses of Cartier divisors. Referenes for eetive relative Cartier divisors
are [M1, Leture 10℄ and [BLR, Setion 8.2℄. Sine the relative Cartier divisors
we are onerned with are not neessarily eetive, we give a short overview on
this subjet.
Denition 2.1 Let F : Alg/k −→ Ab be a ovariant funtor, R a k-algebra.
Let Rnil := k+Nil(R) be the indued subring of R and ρ : Rnil −→ k, Nil (R) ∋
n 7−→ 0 the augmentation. Dene
Inf (F ) (R) = ker
(
F (ρ) : F (Rnil) −→ F (k)
)
Lie (F ) = Inf (F ) (k[ε]) .
Notation 2.2 If F : Alg/k −→ Ab is a ovariant funtor, then we will use
the expression α∈F in order to state that either α ∈ F (k) or α ∈ Lie (F ).
Funtor of Relative Cartier Divisors
Let X and Y be noetherian shemes of nite type over k. A Cartier divisor on
X is by denition a global setion of the sheaf K∗X/O
∗
X , where KX is the sheaf
of total quotient rings on X , and the star ∗ denotes the unit groups.
Div (X) = Γ (X, K∗X/O
∗
X)
is the group of Cartier divisors.
Notation 2.3 If R is a k-algebra, the sheme Y ×k SpecR is often denoted by
Y ⊗R.
Denition 2.4 Let A be an R-algebra. The set
SA/R =
{
f ∈ A
∣∣∣∣ f not a zero divisor,A/fA is at over R
}
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is a multipliative system in A. Then the loalization of A at SA/R
KA/R = S
−1
A/RA
is alled the total quotient ring of A relative to R.
Let X
τ
−→ T be a sheme over T . The sheaf KX/T assoiated to the presheaf
U 7−→ KOX(U)/(τ−1OT )(U) = S
−1
OX(U)/(τ−1OT )(U)
OX (U)
for open U ⊂ X, is alled the sheaf of total quotient rings of X relative to T .
Remark 2.5 Let A be a nitely generated at R-algebra, where R is a noethe-
rian ring, f ∈ A a non zero divisor. Notie that A/fA is at over R if and
only if for all homomorphisms R −→ S the image of f in A ⊗R S is a non
zero divisor. Equivalently, f is not ontained in any assoiated prime ideal of
A⊗R k(p) for all p ∈ SpecR (f. [M1, Leture 10℄).
Proposition 2.6 For a k-algebra R let
DivY (R) = Γ
(
Y ⊗R, K∗Y⊗R/R
/
O∗Y⊗R
)
.
Then the assignment R 7−→ DivY (R) denes a ovariant funtor
DivY : Alg/k −→ Ab
from the ategory of k-algebras to the ategory of abelian groups.
Remark 2.7 For eah k-algebra R we have
DivY (R) =

Cartier divisors D on Y ×k SpecR
whih dene Cartier divisors Dp on Y × {p}
∀p ∈ SpecR

and for a homomorphism h : R −→ S in Alg/k the indued homomorphism
DivY (h) : DivY (R) −→ DivY (S) in Ab is the pull-bak of Cartier divisors on
Y ×k SpecR to those on Y ×k SpecS.
Proposition 2.8 Let R be a k-algebra, Rnil = k + Nil (R) the indued ring.
There is a anonial isomorphism of abelian groups
Inf (DivY ) (R) = Lie (DivY )⊗k Nil (R)
where Lie (DivY ) = Γ (Y, KY /OY ).
Proof. Rnil = k [Nil (R)] is a loal ring with only prime ideal Nil (R) ∈
SpecRnil, and it onsists of zero divisors only. Therefore it holds K
∗
Y⊗Rnil/Rnil
=
K∗Y⊗Rnil = KY [Nil (R)]
∗
= K∗Y + KY ⊗k Nil (R). Hene we obtain an exat
sequene
1 −→
O∗Y +KY ⊗k Nil (R)
O∗Y +OY ⊗k Nil (R)
−→
K∗Y⊗Rnil
O∗Y⊗Rnil
−→
K∗Y
O∗Y
−→ 1 .
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Now we have anonial isomorphisms
O∗Y +KY ⊗k Nil (R)
O∗Y +OY ⊗k Nil (R)
∼=
1 +KY ⊗k Nil (R)
1 +OY ⊗k Nil (R)
∼=
KY ⊗k Nil (R)
OY ⊗k Nil (R)
∼=
KY
OY
⊗k Nil (R)
where the seond isomorphism is given by exp−1. Applying the global setion
funtor Γ (Y,_) yields
0 −→ Γ
(
KY
OY
⊗k Nil (R)
)
−→ Γ
(
K∗Y⊗Rnil
O∗Y⊗Rnil
)
−→ Γ
(
K∗Y
O∗Y
)
.
Here Γ
(
K∗Y⊗Rnil
/
O∗Y⊗Rnil
)
= DivY (Rnil) and Γ (K
∗
Y /O
∗
Y ) = DivY (k), there-
fore
Inf (DivY ) (R) = Γ (KY /OY )⊗k Nil (R) .
In partiular for R = k[ε], as Nil (k[ε]) = εk ∼= k, we have
Lie (DivY ) = Inf (DivY ) (k[ε])
∼= Γ (KY /OY )
and hene Inf (DivY ) (R)
∼= Lie (DivY )⊗k Nil (R).
Denition 2.9 If D ∈ DivY (k), then Supp (D) denotes the lous of zeros and
poles of loal setions (fα)α of K
∗
Y representing D ∈ Γ (K
∗
Y /O
∗
Y ).
If δ ∈ Lie (DivY ), then Supp (δ) denotes the lous of poles of loal setions (gα)α
of KY representing δ ∈ Γ (KY /OY ).
Denition 2.10 Let F be a subfuntor of Div0Y whih is a formal group. Then
Supp(F) is dened to be the union of Supp(D) for D ∈ F(k) and D ∈ Lie(F).
Supp (F) is a losed subsheme of odimension 1 in Y , sine F (k) and Lie (F)
are both nitely generated.
Denition 2.11 For a morphism σ : V −→ Y of varieties dene DecY,V to be
the subfuntor of DivY onsisting of families of those Cartier divisors that do
not ontain any omponent of the image σ(V ).
Proposition 2.12 Let σ : V −→ Y be a morphism of varieties. Then the
pull-bak of Cartier divisors σ∗ indues a natural transformation of funtors
_ · V : DecY,V −→ DivV .
Proposition 2.13 Let F be a formal group. Then eah pair (a, l) of a ho-
momorphism of abelian groups a : F(k) −→ DivY (k) and a k-linear map
l : Lie (F) −→ Lie (DivY ) determines uniquely a natural transformation τ :
F −→ DivY with τ(k) = a and Lie(τ) = l. Moreover, the image of F in DivY
is also a formal group.
Proof. We onstrut a natural transformation with the required property
by giving homomorphisms τ(R) : F(R) −→ DivY (R), R ∈ Alg/k. As F and
DivY both ommute with diret produts, we may redue to k-algebras R with
SpecR onneted. In this ase F(R) = F(k)×
(
Lie (F)⊗kNil(R)
)
, f. Theorem
1.3 and Remark 1.6. Then (a, l) yields a homomorphism
h : F(k)×
(
Lie (F)⊗k Nil(R)
)
−→ DivY (k)×
(
Lie (DivY )⊗k Nil(R)
)
.
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We have funtoriality maps DivY (k) → DivY (R) and DivY (Rnil) → DivY (R),
and Lie (DivY ) ⊗k Nil(R)
∼= Inf (DivY ) (R) ⊂ DivY (Rnil). Then omposition
with h gives τ(R). It is straightforward that the homomorphisms τ(R) yield
a natural transformation. The denition of Inf (_) implies that DivY (k) ×
Inf (DivY ) (R) −→ DivY (R) is injetive. Then the seond assertion follows
from the struture of formal groups, f. Corollary 1.7.
Piard Funtor
Although the Piard funtor is an established objet in algebrai geometry, we
give a summary of fats that we need in the following. Referenes for the Piard
funtor are e.g. [BLR, Chapter 8℄, [M1, Letures 19-21℄ or [K℄.
Let Y be a projetive sheme over k. The isomorphism lasses of line bundles
on a k-sheme X form a group Pic (X), the (absolute) Piard group of X , whih
is given by Pic (X) = H1 (X,O∗X). The (relative) Piard funtor PicY from the
ategory of k-algebras to the ategory of abelian groups is dened by
PicY (R) = Pic (Y ×k SpecR)/ Pic (SpecR)
for eah k-algebra R. In other words, PicY (R) is the abelian group of line
bundles on Y ⊗R modulo line bundles that arise as a pull-bak of a line bundle
on SpecR.
Similarly to the proof of Proposition 2.8 one shows
Proposition 2.14 Let R be a k-algebra, Rnil = k + Nil (R) the indued ring.
There is a anonial isomorphism of abelian groups
Inf (PicY ) (R) = Lie (PicY )⊗k Nil (R)
where Lie (PicY ) = H
1 (Y,OY ).
Sine a sheme over an algebraially losed eld k admits a setion, the fppf-
sheaf assoiated to the Piard funtor on Y oinides with the relative Piard
funtor PicY , see [BLR, Setion 8.1 Proposition 4℄.
Theorem 2.15 Let Y be an integral projetive k-sheme of nite type. Then
the Piard funtor PicY is represented by a k-group sheme PicY , whih is alled
the Piard sheme of Y .
Proof. [FGA, No. 232, Theorem 2℄ or [BLR, Setion 8.2, Theorem 1℄ or [K,
Theorem 4.8, Theorem 4.18.1℄.
Denition 2.16 Let M,N be line bundles on Y . Then M is said to be alge-
braially equivalent to N , if there exists a onneted k-sheme C, a line bundle L
on Y ×kC and losed points p, q ∈ C suh that L|Y×{p} =M and L|Y×{q} = N .
If PicY is represented by a sheme PicY , then a line bundle L on Y is
algebraially equivalent to OY if and only if L lies in the onneted omponent
Pic0Y of the identity of PicY . Then Pic
0
Y represents the funtor Pic
0
Y whih
assigns to R ∈ Alg/k the abelian group of line bundles L on Y ⊗R with L|Y×{t}
algebraially equivalent to OY for eah t ∈ SpecR, modulo line bundles that
ome from SpecR.
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Theorem 2.17 Let Y be an integral projetive k-sheme of nite type. Then
Pic0Y is represented by a quasi-projetive k-group sheme Pic
0
Y . If Y is also
normal, then Pic0Y is projetive.
Proof. Follows from Theorem 2.15 and [K, Theorem 5.4℄.
A normal projetive variety Y over k is the disjoint union of its irreduible
omponents (see [Mm, Chapter 3, 9, Remark p. 64℄). Applying Theorem 2.17
to eah irreduible omponent Z of Y yields that Pic0Y is represented by the
produt of the onneted projetive k-group shemes Pic0Z . In harateristi 0
a onneted projetive k-group sheme is an abelian variety. We obtain
Corollary 2.18 Let Y be a normal projetive variety over k. Then Pic0Y is
represented by an abelian variety Pic0Y .
Transformation DivY −→ PicY
Let Y be a k-sheme and R be a k-algebra. Consider the exat sequene Seq (R):
1 −→ O∗Y⊗R −→ K
∗
Y⊗R −→ K
∗
Y⊗R
/
O∗Y⊗R −→ 1 .
In the orresponding long exat sequene H• Seq (R):
−→ H0
(
K∗Y⊗R
)
−→ H0
(
K∗Y⊗R
/
O∗Y⊗R
)
−→ H1
(
O∗Y⊗R
)
−→ H1
(
K∗Y⊗R
)
−→
the onneting homomorphism δ0 (R) : H0
(
K∗Y⊗R
/
O∗Y⊗R
)
−→ H1
(
O∗Y⊗R
)
gives a natural transformation Div (Y ⊗R) −→ Pic (Y ⊗R). Composing this
transformation with the injetion DivY (R) →֒ Div (Y ⊗R) and the projetion
Pic (Y ⊗R)։ PicY (R) yields a natural transformation
cl : DivY −→ PicY .
Denition 2.19 Let Div0Y be the subfuntor of DivY dened by Div
0
Y (R) =
cl−1
(
Pic0Y (R)
)
for eah k-algebra R.
2.2 Categories of Rational Maps to Algebrai Groups
Let Y be a regular projetive variety over k (an algebraially losed eld of
harateristi 0). Algebrai groups are always assumed to be onneted, unless
stated otherwise.
Notation 2.20 G stands for one of the groups Gm or Ga.
Lemma 2.21 Let P be a prinipal G-bundle over Y . Then a loal setion
σ : U ⊂ Y −→ P determines uniquely a divisor divGm (σ) ∈ DivY (k) on Y ,
if G = Gm, or an innitesimal deformation divGa (σ) ∈ Lie (DivY ) of the zero
divisor on Y , if G = Ga.
Proof. For V =
{
k if G = Gm
k[ε] if G = Ga
let λ : G(k) −→ GL (V ) be the
representation of G given by l 7−→
{
l if G = Gm
1 + εl if G = Ga
. Let V = P ∐[G,λ] V
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be the vetor-bundle assoiated to P of bre-type V . Denote by s ∈ Γ (U,V)
the image of σ under the map P −→ V indued by λ on the bres. There is an
eetive divisor H , supported on Y \U , suh that the loal setion s ∈ Γ (U,V)
extends to a global setion of V (H) = V ⊗O OY (H). Loal trivializations
V|Uα
∼
−→ OUα⊗kV indue loal isomorphisms Φα : V(H)|Uα
∼
−→ O(H)|Uα⊗kV
of the twisted bundles. Then the loal setions Φα (s) ∈ Γ (Uα,OY (H)⊗k V )
yield a divisor divGm (σ) on Y if V = k, and a divisor divGa (σ) on Y [ε] =
Y ×k Spec k[ε] if V = k[ε]. The desription of DivY from Remark 2.7 shows that
divG (σ) ∈ DivY (V ). In the seond ase, the image of λ : Ga(k) −→ GL(k[ε])
lies in 1 + εk. This implies that the restrition of divGa (σ) to Y is the zero
divisor, thus divGa (σ) ∈ Lie (DivY ).
Let ϕ : Y 99K G be a rational map to an algebrai group G with anonial
deomposition 0 → L → G
ρ
→ A → 0. Sine a rational map to an abelian
variety is dened at every regular point (see [La, Chapter II, 1, Theorem 2℄),
the omposition Y
ϕ
99K G
ρ
−→ A extends to a morphism ϕ : Y −→ A. Let
GY = G ×A Y be the bre-produt of G and Y over A. The graph-morphism
ϕY : U ⊂ Y −→ G×A Y, y 7−→ (ϕ (y) , y) of ϕ is a setion of the L-bundle GY
over Y . Eah λ∈L∨ (see Notation 2.2, where we onsider L∨ as a funtor on
Alg/k) gives rise to a homomorphism λ : L −→ G (f. proof of Theorem 1.10).
Then the omposition of ϕY with the push-out of GY via λ gives a loal setion
ϕY,λ : U ⊂ Y −→ λ∗GY of the G-bundle λ∗GY over Y :
G

L
λoo

L

λ∗GY

GYoo

// G
ρ

Y
ϕY,λ
OO





Y
ϕY
OO





ϕ
>>}
}
}
}
}
}
}
}
// A
Lemma 2.21 says that the loal setion ϕY,λ determines a unique divisor or
deformation divG (ϕY,λ) ∈
{
Γ (K∗Y /O
∗
Y ) if G = Gm
Γ
(
K∗Y [ε]
/
O∗Y [ε]
)
if G = Ga
. Now the bundle
λ∗GY omes from an extension of algebrai groups, and ExtAb/k(A,Gm)
∼= Pic0A,
hene it is an element of Pic0Y (k) if G = Gm, or of Lie
(
Pic0Y
)
if G = Ga.
Therefore divG (ϕY,λ) is a divisor in Div
0
Y (k) if λ ∈ L (k), or an element of
Lie
(
Div0Y
)
if λ ∈ Lie (L).
Proposition 2.22 Let G ∈ Ext (A,L) be an algebrai group and ϕ : Y 99K G a
rational map. Then ϕ indues a natural transformation of funtors τϕ : L
∨ −→
Div0Y .
Proof. The onstrution above yields a homomorphism of abelian groups
L∨ (k)→ Div0Y (k), λ 7→ divGm (ϕY,λ) and a k-linear map Lie (L)→ Lie
(
Div0Y
)
,
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λ 7→ divGa (ϕY,λ). Then by Proposition 2.13 this extends to a natural transfor-
mation L∨ −→ Div0Y .
Denition 2.23 A ategory Mr is alled a ategory of rational maps from
Y to algebrai groups, if objets and morphisms of Mr satisfy the following
onditions: The objets of Mr are rational maps ϕ : Y 99K G, where G is
an algebrai group, suh that ϕ(U) generates a onneted algebrai subgroup
of G for any open set U ⊂ Y on whih ϕ is dened. The morphisms of Mr
between two objets ϕ : Y 99K G and ψ : Y 99K H are given by the set of all
homomorphisms of algebrai groups h : G −→ H suh that h ◦ ϕ = ψ, i.e. the
following diagram ommutes:
Y
ϕ
~
~
~
~
ψ
  @
@
@
@
G
h // H
Remark 2.24 Let ϕ : Y 99K G and ψ : Y 99K H be two rational maps from
Y to algebrai groups. Then Denition 2.23 implies that for any ategory Mr
of rational maps from Y to algebrai groups ontaining ϕ and ψ as objets the
set of morphisms HomMr(ϕ, ψ) is the same. Therefore two ategories Mr and
Mr′ of rational maps from Y to algebrai groups are equivalent if every objet
of Mr is isomorphi to an objet of Mr′.
Denition 2.25 We denote by H−1I Mr the loalization of a ategory Mr of
rational maps from Y to algebrai groups at the system of injetive homomor-
phisms among the morphisms of Mr.
Remark 2.26 In H−1I Mr we may assume for an objet ϕ : Y 99K G that G is
generated by ϕ: The inlusion 〈imϕ〉 →֒ G of the subgroup 〈imϕ〉 generated by
ϕ is an injetive homomorphism, hene ϕ : Y 99K G is isomorphi to ϕ : Y 99K
〈imϕ〉, if (ϕ : Y 99K 〈imϕ〉) ∈Mr.
Denition 2.27 The ategory of rational maps from Y to abelian varieties is
denoted by Mav.
Remark 2.28 The objets of Mav are in fat morphisms from Y , sine a
rational map from a regular variety Y to an abelian variety A extends to a
morphism from Y to A.
Denition 2.29 Let F be a subfuntor of Div0Y whih is a formal group. Then
MrF denotes the ategory of those rational maps ϕ : Y 99K G from Y to
algebrai groups for whih the images of the natural transformations τϕ : L
∨ −→
Div0Y (Proposition 2.22) lie in F , i.e. whih indue homomorphisms of formal
groups L∨ −→ F , where 0 → L → G → A → 0 is the anonial deomposition
of G.
MrF = {ϕ : Y 99K G | im τϕ ⊂ F}
Example 2.30 For the ategory Mr0 assoiated to the trivial formal group
{0} the loalization H−1I Mr0 (Denition 2.25) is equivalent to the loalization
H−1I Mav of the ategory of morphisms from Y to abelian varieties:
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Let ϕ : Y 99K G be a rational map to an algebrai group G ∈ Ext(A,L), and
assume ϕ generates a onneted subgroup of G. Then the following onditions
are equivalent:
(i) The transformation τϕ : L
∨ −→ Div0Y indued by ϕ has image {0}.
(ii) The setion ϕY to the L-bundle GY over Y extends to a global setion.
In this ase ϕ is dened on the whole of Y , i.e. is a morphism from Y to G.
Sine Y is omplete, imϕ is a omplete subvariety of G. Then the subgroup
〈imϕ〉 of G is also omplete (f. [ESV, Lemma 1.10 (ii)℄) and onneted, hene
an abelian variety.
Denition 2.31 Let X be a (singular) projetive variety. A morphism of va-
rieties π : X˜ −→ X is alled a resolution of singularities for X, if X˜ is nonsin-
gular and π is a proper birational morphism whih is an isomorphism over the
nonsingular points of X.
Example 2.32 Let X be a singular projetive variety and Y = X˜, where π :
X˜ −→ X is a projetive resolution of singularities. Denote byMrX0 the ategory
of rational maps ϕ : X 99K G whose assoiated map on 0-yles of degree 0
Z0 (U)
0
−→ G(k) (where U is the open set on whih ϕ is dened) fators through
the homologial Chow group of 0-yles of degree 0 modulo rational equivalene
A0(X)
0
. The denition of A0(X) (see [Fu, Setion 1.3, p.10℄) implies that suh
a rational map is neessarily dened on the whole of X, i.e. is a morphism
ϕ : X −→ G. Then the omposition ϕ ◦ π : Y −→ G is an objet of Mr0. Thus
MrX0 is a subategory of the ategory Mr0 from Example 2.30.
Example 2.33 Let D be a redued eetive divisor on Y . Let MrD be the
ategory of rational maps from Y to semi-abelian varieties (i.e. extensions of an
abelian variety by a torus) whih are regular away from D.
Let FD be the formal group whose étale part is given by divisors in Div
0
Y (k)
with support in Supp (D) and whose innitesimal part is trivial.
Then MrD is equivalent to MrFD : For a rational map ϕ : Y 99K G the
indued setions ϕY,λ determine divisors in Div
0
Y (k) supported on Supp (D) for
all λ∈L∨ (where L is the largest linear subgroup of G) if and only if L is a torus,
i.e. it onsists of several opies of Gm only, and ϕ is regular on Y \ Supp (D).
Example 2.34 Let Y = C be a smooth projetive urve, d =
∑
i ni pi with
pi ∈ C, ni integers ≥ 1, an eetive divisor on C and let vp be the valuation
attahed to the point p ∈ C.
Let Mrd be the ategory of those rational maps ϕ : Y 99K G suh that for all
f ∈ KC it holds:
vpi (1− f) ≥ ni ∀i =⇒ ϕ (div (f)) = 0 .
Let Fd be the formal group dened by
Fd (k) =
{∑
i
li pi
∣∣∣∣∣ li ∈ Z, ∑
i
li = 0
}
Lie (Fd) = Γ
(
OC
(∑
i
(ni − 1) pi
)/
OC
)
.
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Then Mrd is equivalent to MrFd . By onstruting a singular urve assoiated
to the modulus d (see [S3, Chapter IV, No. 4℄), this turns out to be a speial
ase of Example 2.36 (f. Lemma 3.21 for the omputation of Lie (Fd)).
Example 2.35 Let Y be a smooth projetive variety over C, D a divisor on Y
with normal rossings, and let U = Y \ Supp(D). Let W ⊂ Γ
(
U,Ω1U
)d=0
be
a nite dimensional k-vetor spae ontaining Γ
(
Y,Ω1Y [logD]
)
. Let MrW be
the ategory of those morphisms ϕ : U −→ G from U to algebrai groups for
whih ϕ∗
(
Lie (G)∨
)
⊂W , where Lie (G)∨ = Γ
(
G,Ω1G
)const
is the k-vetor spae
of translation invariant regular 1-forms on G. A 1-form ω ∈ W determines a
deformation of the zero divisor δ(ω) ∈ Γ (KY /OY ) as follows: There are a
overing {Vi}i of Y and regular funtions fi ∈ OY (U ∩ Vi) suh that ω − dfi
is regular on Vi (see [FW, VI.4 proof of Lemma 7℄). Dene δ(ω) = [(fi)i] ∈
Γ (KY /OY ).
Let FW be the formal group determined by
FW (k) =
{
D′ ∈ Div0Y (k)
∣∣ Supp(D′) ⊂ Supp(D)}
Lie (FW ) = im
(
δ :W −→ Γ (KY /OY )
)
.
Then MrW is equivalent to MrFW . This follows from the onstrution of the
generalized Albanese variety of Faltings and Wüstholz (see [FW, VI.2. Satz 6℄).
Example 2.36 Let X be a singular projetive variety and Y = X˜, where π :
X˜ −→ X is a projetive resolution of singularities. A rational map ϕ : X 99K
G whih is regular on the regular lous Xreg of X an also be onsidered as
a rational map from Y to G. Let MrCH0(X)
0
be the ategory of morphisms
ϕ : Xreg −→ G whih fator through a homomorphism of groups CH0 (X)
0
−→
G(k), see Denition 3.27 (f. [ESV, Denition 1.14℄ for the notion of regular
homomorphism). Let Div0eX/X be the formal group given by the kernel of the
push-forward π∗ (Proposition 3.24).
Then MrCH0(X)
0
is equivalent to MrDiv0
fX/X
. This is the subjet of Setion 3.
2.3 Universal Objets
Let Y be a regular projetive variety over k (an algebraially losed eld of
harateristi 0).
Existene and Constrution
Denition 2.37 Let Mr be a ategory of rational maps from Y to algebrai
groups. Then (u : Y 99K U) ∈ Mr is alled a universal objet for Mr if it has
the universal mapping property in Mr:
for all (ϕ : Y 99K G) ∈Mr there exists a unique homomorphism of algebrai
groups h : U −→ G suh that ϕ = h◦u up to translation, i.e. there is a onstant
g ∈ G(k) suh that the following diagram is ommutative
Y
u
@
@
@
@
tg◦ϕ //_______ G
U
h
??~~~~~~~
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where tg : x 7−→ x+ g is the translation by g.
Remark 2.38 Loalization of a ategory Mr of rational maps from Y to al-
gebrai groups at the system of injetive homomorphisms does not hange (the
equivalene lass of) the universal objet. Therefore it is often onvenient to
pass to the loalization H−1I Mr (Denition 2.25).
For the ategory Mav of morphisms from Y to abelian varieties (Denition
2.27) there exists a universal objet: the Albanese mapping to the Albanese
variety, whih is denoted by alb : Y −→ Alb (Y ). This is a lassial result (see
e.g. [La℄, [Ms℄, [S1℄).
In the following we onsider ategoriesMr of rational maps from Y to alge-
brai groups satisfying the following onditions:
(♦ 1) Mr ontains the ategory Mav.
(♦ 2) (ϕ : Y 99K G) ∈Mr if and only if
∀λ∈L∨ the indued rational map (ϕλ : Y 99K λ∗G) ∈Mr.
(♦ 3) If ϕ : Y 99K G is a rational map s.t. ρ ◦ ϕ fators through
a homomorphism α : B −→ A of abelian varieties, then
(ϕ : Y 99K G) ∈Mr if and only if (ϕα : Y 99K α∗G) ∈Mr.
Here 0 → L → G
ρ
→ A → 0 is the anonial deomposition of the algebrai
group G.
Theorem 2.39 Let Mr be a ategory of rational maps from Y to algebrai
groups whih satises (♦ 1− 3). Then for Mr there exists a universal objet
(u : Y 99K U) ∈Mr if and only if there is a formal group F whih is a subfun-
tor of Div0Y suh that H
−1
I Mr is equivalent to H
−1
I MrF , where MrF is the
ategory of rational maps whih indue a homomorphism of formal groups to F
(Denition 2.29).
Proof. (⇐=) Assume that H−1I Mr is equivalent to H
−1
I MrF , where F is a
formal group in Div0Y . The rst step is the onstrution of an algebrai group U
and a rational map u : Y 99K U . In a seond step the universality of u : Y 99K U
for MrF has to be shown.
Step 1: Constrution of u : Y 99K U
Y is a regular projetive variety over k, thus the funtor Pic0Y is represented by
an abelian variety Pic0Y (Corollary 2.18). Sine F ⊂ Div
0
Y , the formal group F
is torsion-free. The natural transformation Div0Y −→ Pic
0
Y indues a 1-motive
M =
[
F −→ Pic0Y
]
. Let M∨ be the dual 1-motive of M . The formal group
in degree −1 of M∨ is the Cartier-dual of the largest linear subgroup of Pic0Y ,
and this is zero, sine an abelian variety does not ontain any non-trivial linear
subgroup. Then dene U to be the algebrai group in degree 0 of M∨, i.e.
[0 −→ U ] is the dual 1-motive of
[
F −→ Pic0Y
]
. The anonial deomposition
0 → L → U → A → 0 is the extension of
(
Pic0Y
)∨
by F∨ indued by the
homomorphism F −→ Pic0Y (Theorem 1.10), where L = F
∨
is the Cartier-dual
of F and A =
(
Pic0Y
)∨
is the dual abelian variety of Pic0Y , whih is Alb (Y ).
As L is a linear algebrai group, there is a anonial splitting L ∼= T × V
of L into the diret produt of a torus T of rank t and a vetorial group V
of dimension v (Theorem 1.2). The homomorphism F −→ Pic0Y is uniquely
determined by the values on a basis Ω of the nite free Z-module
F (k) = L∨ (k) = T∨(k) = HomAb/k (T,Gm)
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and on a basis Θ of the nite dimensional k-vetor spae
Lie (F) = Lie (L∨) = Lie (V∨) = Homk (Lie(V), k) = HomAb/k (V,Ga) .
By duality, suh a hoie of bases orresponds to a deomposition
L
∼
−→ (Gm)
t
× (Ga)
v
,
and indues a deomposition
Ext (A,L)
∼
−→ Ext (A,Gm)
t × Ext (A,Ga)
v
U 7−→
∏
ω∈Ω
ω∗U ×
∏
ϑ∈Θ
ϑ∗U .
Therefore the rational map u : Y 99K U is uniquely determined by the following
rational maps to push-outs of U
uω : Y 99K ω∗U ω ∈ Ω
uϑ : Y 99K ϑ∗U ϑ ∈ Θ
whenever Ω is a basis of F (k) and Θ a basis of Lie (F). We have isomorphisms
Ext (A,Gm) ≃ Pic
0
A (k)
∼
−→ Pic0Y (k)
P 7−→ PY = P ×A Y
and
Ext (A,Ga) ≃ Lie
(
Pic0A
) ∼
−→ Lie
(
Pic0Y
)
T 7−→ TY = T ×A Y .
From the proof of Theorem 1.10 it follows that (ω∗U)Y is just the image of
ω ∈ F (k) ⊂ Div0Y (k) under the homomorphism F −→ Pic
0
Y , whih is the
divisor-lass [ω] ∈ Pic0Y (k). Likewise from the proof of Theorem 1.10 follows
that (ϑ∗U)Y is the image of ϑ ∈ Lie (F) ⊂ Lie
(
Div0Y
)
under the homomorphism
F −→ Pic0Y , whih is the lass of deformation [ϑ] ∈ Lie
(
Pic0Y
)
. Then dene the
rational map u : Y 99K U by the ondition that for all ω ∈ Ω the setion
uY,ω : Y 99K ω∗UY = [ω]
orresponds to the divisor ω ∈ Div0Y (k), and for all ϑ ∈ Θ the setion
uY,ϑ : Y 99K ϑ∗UY = [ϑ]
orresponds to the deformation ϑ ∈ Lie
(
Div0Y
)
, in the sense of Lemma 2.21, i.e.
divGm (uY,ω) = ω ∀ω ∈ Ω
divGa (uY,ϑ) = ϑ ∀ϑ ∈ Θ .
This determines u up to translation by a onstant. The onditions (♦ 1 − 3)
guarantee that (u : Y 99K U) ∈Mr.
Step 2: Universality of u : Y 99K U
LetG be an algebrai group with anonial deomposition 0→ L→ G
ρ
→ A→ 0
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and ϕ : Y 99K G a rational map induing a homomorphism of formal groups
l∨ : L∨ −→ F , λ 7−→ divG (ϕY,λ) for λ∈L
∨
(Proposition 2.22). Let l : L −→ L
be the dual homomorphism of linear groups. The omposition Y
ϕ
99K G
ρ
−→
A extends to a morphism from Y to an abelian variety. Translating ϕ by a
onstant g ∈ G(k), if neessary, we may hene assume that ρ◦ϕ fators through
A = Alb (Y ):
Y
alb ##F
FF
FF
FF
FF
ρ◦ϕ // A
Alb(Y )
;;xxxxxxxxx
We are going to show that the following diagram ommutes:
L

l // L

L

U

h // GA

// G
ρ

Y //
ϕ
44iiiiiiiiiiiiiiiiiiiii
ϕA
77oooooooooooooo
u
??







A A // A
i.e. the task is to show that
(a) GA = l∗U
(b) ϕA = h ◦ u mod translation
whereGA = G×AA is the bre-produt ofG andA overA and ϕA : Y 99K GA is
the unique map obtained from (ϕ, alb) : Y 99K G×A by the universal property
of the bre-produt GA, and where h is the homomorphism obtained by the
amalgamated sum
L

// L

U
h // U ∐L L
as by denition of the push-out we have l∗U = U ∐L L.
For this purpose, by additivity of extensions, it is enough to show that for all
λ∈L∨ it holds
(a') λ∗GA = l
∨(λ)∗U
(b') ϕA,λ = ul∨(λ) mod translation
where l∨(λ) = λ ◦ l and l∨(λ)∗ = (λ ◦ l)∗ = λ∗l∗. Using the isomorphism
Pic0A
∼
−→ Pic0Y , this is equivalent to showing that for all λ∈L
∨
it holds
(a) λ∗GY = l
∨(λ)∗UY
(b) ϕY,λ = uY,l∨(λ) mod translation .
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By onstrution of u : Y 99K U , we have for all λ∈L∨:
divG
(
uY,l∨(λ)
)
= l∨(λ) = divG (ϕY,λ)
and hene
l∨(λ)∗UY = [l
∨(λ)]
= [divG (ϕY,λ)] = λ∗GY .
As u : Y −→ U generates U , eah h′ : U −→ GA fullling h
′ ◦ u = ϕA
oinides with h. Hene h is unique.
(=⇒) Assume that u : Y 99K U is universal for Mr. Let 0 → L → U →
A → 0 be the anonial deomposition of U , and let F be the image of the
indued transformation L∨ −→ Div0Y . For λ∈L
∨
the uniqueness of the homo-
morphism hλ : U −→ λ∗U fullling uλ = hλ ◦ u implies that the rational maps
uλ : Y 99K λ∗U are non-isomorphi to eah other for distint λ∈L
∨
. Hene
divG (uY,λ) 6= divG (uY,λ′) for λ 6= λ
′ ∈L∨. Therefore L∨ −→ F is injetive,
hene an isomorphism.
Let ϕ : Y 99K G be an objet of Mr and 0 → L → G → A → 0 be
the anonial deomposition of G. Translating ϕ by a onstant g ∈ G(k),
if neessary, we may assume that ϕ : Y 99K G fatorizes through a unique
homomorphism h : U −→ G. The restrition of h to L gives a homomorphism
of linear groups l : L −→ L. Then the dual homomorphism l∨ : L∨ −→ F yields
a fatorization of L∨ −→ Div0Y through F . Thus Mr is a subategory of MrF .
Now the properties (♦ 1− 3) guarantee that H−1I Mr ontains the equivalene
lasses of all rational maps whih indue a transformation to F , hene H−1I Mr
is equivalent to H−1I MrF .
Notation 2.40 The universal objet for a ategory Mr of rational maps from
Y to algebrai groups, if it exists, is denoted by albMr : Y 99K AlbMr (Y ).
If F is a formal group in Div0Y , then the universal objet forMrF is also denoted
by albF : Y 99K AlbF (Y ).
Remark 2.41 In the proof of Theorem 2.39 we have seen that AlbF (Y ) is
an extension of the abelian variety Alb (Y ) by the linear group F∨, and the
rational map (albF : Y 99K AlbF (Y )) ∈ MrF is haraterized by the fat that
the transformation τalbF : L
∨ −→ Div0Y is the identity id : F −→ F .
More preisely, [0 −→ AlbF (Y )] is the dual 1-motive of
[
F −→ Pic0Y
]
.
Example 2.42 The universal objet alb : Y −→ Alb (Y ) for Mav from Deni-
tion 2.27 is the lassial Albanese mapping and Alb (Y ) the lassial Albanese
variety of a regular projetive variety Y .
Example 2.43 The universal objet alb0 : Y 99K Alb0 (Y ) for Mr0 from Ex-
ample 2.30 oinides with the lassial Albanese mapping to the lassial Al-
banese variety by Theorem 2.39, sine H−1I Mr0 is equivalent to H
−1
I Mav.
Example 2.44 The universal objet for the ategory MrX0 from Example 2.32
is a quotient of the lassial Albanese Alb
(
X˜
)
of a projetive resolution of sin-
gularities X˜ for X, as MrX0 is a subategory of Mr0 for Y = X˜. It is the
universal objet for the ategory of morphisms from X to abelian varieties and
oinides with the universal morphism for the variety X and for the ategory of
abelian varieties in the sense of [S1℄.
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Example 2.45 The universal objet albFD : Y 99K AlbFD (Y ) for MrFD from
Example 2.33 is the generalized Albanese of Serre (see [S2℄).
Example 2.46 The universal objet albFd : C 99K AlbFd (Y ) for MrFd from
Example 2.34 is Rosenliht's generalized Jaobian Jd to the modulus d (see
[S3℄).
Example 2.47 The universal objet albFW : Y 99K AlbFW (Y ) for MrFW
from Example 2.35 is the generalized Albanese of Faltings/Wüstholz (see [FW,
VI.2.℄)
Example 2.48 The universal objet albDiv0
fX/X
: Xreg 99K AlbDiv0
fX/X
(
X˜
)
from
Example 2.36 is the universal regular quotient of the Chow group of points
CH0 (X)
0
(see [ESV℄). In the following we will simply denote it by Alb (X).
This is onsistent, sine in the ase that X is regular it oinides with the
lassial Albanese variety.
Remark 2.49 Also the generalized Albanese of Serre (Example 2.45) and the
generalized Jaobian (Example 2.46) an be interpreted as speial ases of the
universal regular quotient (Example 2.48) by onstruting an appropriate singu-
lar variety X.
Funtoriality
The Question is whether a morphism of regular projetive varieties indues a
homomorphism of algebrai groups between universal objets.
Proposition 2.50 Let σ : V −→ Y be a morphism of regular projetive va-
rieties. Let Vr and Yr be ategories of rational maps from V and Y respe-
tively to algebrai groups, and suppose there exist universal objets AlbVr(V )
and AlbYr(Y ) for Vr and Yr respetively. The universal property of AlbVr(V )
yields:
If the omposition albYr ◦ σ : V 99K AlbYr(Y ) is an objet of Vr, then σ indues
a homomorphism of algebrai groups
AlbYrVr(σ) : AlbVr(V ) −→ AlbYr(Y ) .
Theorem 2.39 allows to give a more expliit desription:
Proposition 2.51 Let σ : V −→ Y be a morphism of regular projetive va-
rieties. Let F ⊂ Div0Y be a formal group s.t. Supp(F) does not ontain any
omponent of σ(V ). Let _ ·V : DecY,V −→ DivV denote the pull-bak of Cartier
divisors from Y to V (Denition 2.11, Proposition 2.12).
For eah formal group G ⊂ Div0V satisfying G ⊃ F · V , the pull-bak of relative
Cartier divisors and of line bundles indues a transformation of 1-motives G↓
Pic0V
←−
 F↓
Pic0Y

Remembering the onstrution of the universal objets (Remark 2.41), dual-
ization of 1-motives translates Proposition 2.51 into the following reformulation
of Proposition 2.50:
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Proposition 2.52 Let σ : V −→ Y be a morphism of regular projetive va-
rieties. Let F ⊂ Div0Y be a formal group s.t. Supp(F) does not ontain any
omponent of σ(V ). Then σ indues a homomorphism of algebrai groups
AlbFG (σ) : AlbG(V ) −→ AlbF (Y )
for eah formal group G ⊂ Div0V satisfying G ⊃ F · V .
3 Rational Maps Fatoring through CH0 (X)
0
Throughout this setion let X be a projetive variety over k (an algebraially
losed eld of harateristi 0) and π : Y −→ X a projetive resolution of sin-
gularities. Let U ⊂ Y be an open dense subset of Y where π is an isomorphism.
U is identied with its image in X , and we suppose U ⊂ Xreg. We onsider the
ategory MrCH0(X)
0
of morphisms ϕ : U −→ G from U to algebrai groups G
fatoring through CH0 (X)
0
(Denition 3.27), where we assume algebrai groups
G always to be onneted, unless stated otherwise.
The goal of this setion is to show that the ategoryMrCH0(X)
0
is equivalent
to the ategory MrDiv0
Y/X
of rational maps whih indue a transformation of
formal groups to Div0Y/X , whih is dened as the kernel in Div
0
Y of a kind of
push-forward π∗ of relative Cartier divisors (see Propositions 3.23 and 3.24).
3.1 Chow Group of Points
In this subsetion the Chow group CH0 (X)
0
of 0-yles of degree 0 modulo
rational equivalene is presented, quite similar as in [LW℄, see also [ESV℄, [BiS℄.
Denition 3.1 A Cartier urve in X, relative to X \ U , is a urve C ⊂ X
satisfying
(a) C is pure of dimension 1.
(b) No omponent of C is ontained in X \ U .
() If p ∈ C \ U , the ideal of C in OX,p is generated by a regular sequene.
Denition 3.2 Let C be a Cartier urve in X relative to X \U , Cp (C) the set
of irreduible omponents of C and γZ the generi points of Z ∈ Cp (C). Let
OC,Θ be the semiloal ring on C at Θ = (C \ U) ∪ {γZ |Z ∈ Cp (C)}. Dene
K(C,U)∗ = O∗C,Θ .
Denition 3.3 Let C be a Cartier urve in X relative to X\U and ν : C˜ −→ C
its normalization. For f ∈ K(C,U)∗ and p ∈ C let
ordp (f) =
∑
ep→p
vep
(
f˜
)
where f˜ := ν#f ∈ K eC and vep is the disrete valuation attahed to the point
p˜ ∈ C˜ above p ∈ C (f. [Fu, Example A.3.1℄).
Dene the divisor of f to be
div (f)C =
∑
p∈C
ordp (f) [p] .
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Denition 3.4 Let Z0 (U) be the group of 0-yles on U , set
R0 (X,U) =
{
(C, f)
∣∣∣∣ C is a Cartier urve in X relative to X \ U
and f ∈ K(C,U)
∗
}
and let R0 (X,U) be the subgroup of Z0 (U) generated by the elements div (f)C
with (C, f) ∈ R0 (X,U). Then dene
CH0 (X) = Z0(U)/R0(X,U) .
Let CH0 (X)
0
be the subgroup of CH0 (X) of yles ζ with deg ζ|W = 0 for all
irreduible omponents W ∈ Cp (U) of U .
Remark 3.5 The denition of CH0 (X) and CH0 (X)
0
is independent of the
hoie of the dense open subsheme U ⊂ Xreg (see [ESV, Corollary 1.4℄).
Remark 3.6 Note that by our terminology a urve is always redued, in parti-
ular a Cartier urve. In the literature, e.g. [ESV℄, [LW℄, a slightly dierent def-
inition of Cartier urve seems to be ommon, whih allows non-redued Cartier
urves. Atually this does not hange the groups CH0 (X) and CH0 (X)
0
, see
[ESV, Lemma 1.3℄ for more explanation.
3.2 Loal Symbols
The desription of rational maps fatoring through CH0 (X)
0
requires the notion
of a loal symbol as in [S3, Chapter III, 1℄.
Let C be a smooth projetive urve over k. The omposition law of an
unspeied algebrai group G is written additively in this subsetion.
Denition 3.7 For an eetive divisor d =
∑
np p on C, a subset S ⊂ C and
rational funtions f, g ∈ KC dene
f ≡ g mod d at S :⇐⇒ vp (f − g) ≥ np ∀p ∈ S ∩ Supp (d) ,
f ≡ g mod d :⇐⇒ f ≡ g mod d at C .
where vp is the valuation attahed to the point p ∈ C.
Let ψ : C 99K G be a rational map from C to an algebrai group G whih
is regular away from a nite subset S. The morphism ψ : C \ S −→ G ex-
tends to a homomorphism from the group of 0-yles Z0 (C \ S) to G by setting
ψ (
∑
li ci) :=
∑
li ψ (ci) for ci ∈ C \ S, li ∈ Z.
Denition 3.8 An eetive divisor d on C is said to be a modulus for ψ if
ψ (div (f)) = 0 for all f ∈ KC with f ≡ 1 mod d.
Theorem 3.9 Let ψ : C 99K G be a rational map from C to an algebrai group
G and S the nite subset of C where ψ is not regular. Then ψ has a modulus
supported on S.
This theorem is proven in [S3, Chapter III, 2℄, using the following onept:
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Denition 3.10 Let d be an eetive divisor supported on S ⊂ C and ψ : C 99K
G a rational funtion from C to an algebrai group G, regular away from S. A
loal symbol assoiated to ψ and d is a funtion
(ψ,_)
_
: K∗C × C −→ G
whih assigns to f ∈ K∗C and p ∈ C an element (ψ, f)p ∈ G, satisfying the
following onditions:
(a) (ψ, fg)p = (ψ, f)p + (ψ, g)p ,
(b) (ψ, f)c = vc(f) ψ(c) if c ∈ C \ S ,
() (ψ, f)s = 0 if s ∈ S and f ≡ 1 mod d at s ,
(d)
∑
p∈C (ψ, f)p = 0 .
Proposition 3.11 The rational map ψ has a modulus d if and only if there
exists a loal symbol assoiated to ψ and d, and this symbol is then unique.
Proof. [S3, Chapter III, No. 1, Proposition 1℄.
Theorem 3.9 in ombination with Proposition 3.11 states for eah rational
map ψ : C 99K G the existene of a modulus d for ψ and of a unique loal
symbol (ψ,_)
_
assoiated to ψ and d.
From the denitions it is lear that if d is a modulus for ψ then e is also
for all e ≥ d. Likewise a loal symbol (ψ,_)
_
assoiated to ψ and d is also
assoiated to ψ and e for all e ≥ d.
Suppose we are given two moduli d and d
′
for ψ, and hene two loal symbols
(ψ,_)
_
and (ψ,_)
′
_
assoiated to d and d
′
respetively. Then both loal symbols
are also assoiated to e := d+ d′. The uniqueness of the loal symbol assoiated
to ψ and e implies that (ψ,_)
_
and (ψ,_)′
_
oinide. It is therefore morally
justied to speak about the loal symbol assoiated to ψ (without mentioning a
modulus), f. [S3, Chapter III, No. 1, Remark of Proposition 1℄.
Corollary 3.12 For eah rational map ψ : C 99K G from C to an algebrai
group G there exists a unique assoiated loal symbol (ψ,_)
_
: K∗C × C −→ G.
If d is a modulus for ψ supported on S, then this loal symbol is given by
(ψ, f)c = vc(f) ψ(c) ∀c ∈ C \ S
(ψ, f)s = −
∑
c/∈S
vc(fs) ψ(c) ∀s ∈ S
where fs ∈ K
∗
C is a rational funtion with fs ≡ 1 mod d at z for all z ∈ S \ s
and f/fs ≡ 1 mod d at s.
The above formula is shown in [S3, Chapter III, No. 1℄, in the proof of
Proposition 1.
Example 3.13 In the ase that G is the multipliative group Gm, a rational
map ψ : C 99K Gm an be identied with a rational funtion in KC , and S is
the set of zeros and poles of ψ, i.e. S = Supp (div (ψ)). Then the loal symbol
assoiated to ψ is given by
(ψ, f)p = (−1)
mn ψ
m
fn
(p) with m = vp (f) , n = vp (ψ) .
(See [S3, Chapter III, No. 4, Proposition 6℄.)
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Example 3.14 In the ase that G is the additive group Ga, a rational map
ψ : C 99K Ga an be identied with a rational funtion in KC , and S is the set
of poles of ψ. Then the loal symbol assoiated to ψ is given by
(ψ, f)p = Resp (ψ df/f) .
(See [S3, Chapter III, No. 3, Proposition 5℄.)
Proposition 3.15 Let ϕ, ψ : C 99K G be two rational maps from C to an
algebrai group G, with assoiated loal symbols (ϕ,_)
_
and (ψ,_)
_
. Then
the loal symbol (ϕ+ ψ,_)
_
assoiated to the rational map ϕ + ψ : C 99K G,
c 7−→ ϕ (c) + ψ (c) is given by
(ϕ+ ψ, f)p = (ϕ, f)p + (ψ, f)p .
Proof. Let dϕ be a modulus for ϕ and dψ one for ψ. Then both maps ϕ, ψ
and the map ϕ+ψ have dϕ+ψ := dϕ + dψ as a modulus and both loal symbols
(ϕ,_)
_
and (ψ,_)
_
are assoiated to dϕ+ψ. Now the formula in Corollary 3.12
and the distributive law imply the assertion.
Lemma 3.16 Let ψ : C 99K G be a rational map from C to an algebrai group G
whih is an L-bundle over an abelian variety A, i.e. G ∈ Ext (A,L), where L is a
linear group. Let p ∈ C be a point, U ∋ p a neighbourhood and Φ : U×L
∼
−→ GU ,
(u, l) 7−→ φ (u) + l a loal trivialization of the indued L-bundle GC = G ×A C
over C, i.e. φ : U −→ GC a loal setion. Moreover let [ψ]Φ : C 99K L,
c 7−→ ψ (c)−φ (c) be the rational map ψ onsidered in the loal trivialization Φ.
Then for eah rational funtion f ∈ O∗C,p it holds
(ψ, f)p = ([ψ]Φ , f)p .
Proof. Proposition 3.15 yields
([ψ]Φ , f)p = (ψ − φ, f)p = (ψ, f)p − (φ, f)p .
φ is regular at p, therefore we have (φ, f)p = vp (f) · φ (p). Sine f is a unit at
p, it holds vp (f) = 0. Thus (φ, f)p = 0 and hene ([ψ]Φ , f)p = (ψ, f)p.
3.3 Formal Innitesimal Divisors
For a k-sheme Y the funtor of relative Cartier divisors DivY admits a pull-
bak, but not a push-forward. Supposed Y is a normal sheme, the group of
Cartier divisorsDiv(Y ) on Y an be identied with the group of loally prinipal
Weil divisors, and there is a push-forward of Weil divisors.
We are looking for a onept of innitesimal divisors LDiv(Y ) whih admits a
push-forward and a transformation Lie (DivY ) −→ LDiv(Y ). In this subsetion
we onsider the ase that Y is a urve Z.
Funtor of Formal Innitesimal Divisors
Let Z be a urve over k.
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Denition 3.17 Dene the k-vetor spae of formal innitesimal divisors on
Z by
LDiv(Z) =
⊕
q∈Z(k)
Homcontk (m̂Z,q, k)
where Homcontk denotes the set of ontinuous k-linear maps. m̂Z,q arries the
m̂Z,q-adi topology, while k is endowed with the disrete topology.
Proposition 3.18 Let π : Z −→ C be a nite morphism of urves over k.
Then π indues a push-forward of formal innitesimal divisors
π∗ : LDiv(Z) −→ LDiv(C)
indued by the homomorphisms
Homcontk (m̂Z,q, k) −→ Hom
cont
k
(
m̂C,pi(q), k
)
, h 7−→ h ◦ π̂#
where q ∈ Z(k) and π̂# : ÔC,pi(q) −→ ÔZ,q is the homomorphism of ompleted
struture sheaves assoiated to π.
Proposition 3.19 Let Z be a normal urve over k. Then there is an isomor-
phism of k-vetor spaes
fml : Lie (DivZ) −→ LDiv(Z) .
Proof. We onstrut the isomorphism fml via fatorization, i.e. give iso-
morphisms
Γ (KZ/OZ)
∼
−→
⊕
q∈Z(k)
KZ,q/OZ,q
∼
−→
⊕
q∈Z(k)
Homcontk (m̂Z,q, k) .
The rst of these two maps is given by the natural k-linear map
Γ (KZ/OZ) −→
⊕
q∈Z(k)
KZ,q/OZ,q, δ 7−→
∑
q∈Z(k)
[δ]q
whih is an isomorphism by the Approximation Lemma (see [S4, Part One,
Chapter I, 3℄). As Z is normal, eah loal ring is regular. Sine KZ,q/OZ,q =⋃
ν>0 t
−ν
q ÔZ,q
/
ÔZ,q for a loal parameter tq of the maximal ideal mq ⊂ OZ,q,
Lemma 3.20 below yields a anonial isomorphism of k-vetor spaes
KZ,q/OZ,q
∼
−→ Homcontk (m̂Z,q, k) , [f ] 7−→ Resq (f · d_) .
Then the isomorphism fml is obtained by omposition.
Lemma 3.20 Let (A,m) be a omplete loal k-algebra, endowed with the m-adi
topology, while k arries the disrete topology. Let l ∈ Homk (m, k) be a k-linear
map. Then the following onditions are equivalent:
(i) l is ontinuous,
(ii) ker (l) is open,
(iii) ker (l) ⊃ mν for some ν > 0,
(iv) l ∈ Homk (m/m
ν, k) for some ν > 0.
If furthermore A is a disrete valuation ring, this is equivalent to
(v) l = Res (f · d_) : g 7−→ Res (f · dg) for some f ∈ t−νA/A, ν ≥ 0
where t is a loal parameter of m, K = Q(A) the quotient eld,
Res : ΩK/k −→ k the residue and d : A −→ ΩA/k the universal
derivation.
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Proof. (i)⇐⇒(ii)⇐⇒(iii) is folklore of rings with m-adi topology.
(iii)⇐⇒(iv) Homk (m/m
ν, k) = ker
(
Homk (m, k) −→ Homk (m
ν , k)
)
.
(iv)⇐⇒(v) If A is regular and t ∈ m a loal parameter, then we may identify
A ∼= k[[t]] and K ∼= k((t)). The residue over k is dened as
Res : ΩK/k −→ k,
∑
ν≫−∞
aνt
ν dt 7−→ a−1
and the denition is independent of the hoie of loal parameter, (see [S3,
Chapter II, No. 7, Proposition 5℄).
d : A −→ ΩA/k and Res : ΩK/k −→ k are both k-linear maps. Sine
Res (ω) = 0 for all ω ∈ ΩA/k, the expression Res (f dg) is well dened for
g ∈ m/mν+1 and f ∈ t−νA/A.
The pairing t−νA/A× m/mν+1 −→ k, (f, g) 7−→ Res (f dg) is a per-
fet pairing, hene t−νA/A
∼
−→ Homk
(
m/mν+1, k
)
, f 7−→ Res (f d_) is an
isomorphism.
Lemma 3.21 Let C be a projetive urve over a eld k, and let π : Z −→ C
be its normalization. Then the kernel of the omposition π∗ ◦ fml
ker
(
Lie (DivZ)
fml
−→ LDiv(Z)
pi∗−→ LDiv(C)
)
is a nite dimensional k-vetor spae. More preisely, if S denotes the inverse
image in Z of the singular lous of C, for eah q ∈ S there is an integer nq ≥ 0
suh that
⊕
q→p m̂
nq+1
Z,q ⊂ m̂C,p. Then
ker (π∗ ◦ fml) ⊂ Γ
OZ
∑
q∈S
nq q
/OZ

Proof. Sine the normalization is birational, the set S of k-rational points
q ∈ Z suh that (OZ,q,mZ,q) 6=
(
OC,pi(q),mC,pi(q)
)
is nite. As π∗OZ/OC =∏
p∈pi(S)OZ,p/OC,p is a oherent sheaf, OZ,p/OC,p is nite dimensional for eah
p ∈ π(S), hene ompatible with ompletion. Thus
(⊕
q→p m̂Z,q
)/
m̂C,p ⊂
ÔZ,p/ÔC,pi(p) = OZ,p/OC,pi(p) is also nite dimensional. We obtain
ker
(
LDiv(Z) −→ LDiv(C)
)
= ker
( ⊕
q∈Z(k)
Homcontk
(
m̂Z,q, k
)
−→
⊕
p∈C(k)
Homcontk
(
m̂C,p, k
))
=
⊕
p∈C(k)
ker
(⊕
q→p
Homcontk
(
m̂Z,q, k
)
−→ Homcontk
(
m̂C,p, k
))
=
⊕
p∈C(k)
ker
(
Homcontk
(⊕
q→p
m̂Z,q, k
)
−→ Homcontk
(
m̂C,p, k
))
=
⊕
p∈pi(S)
Homk
((⊕
q→p
m̂Z,q
)/
m̂C,p , k
)
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is nite dimensional. Sine fml : Lie (DivZ) −→ LDiv(Z) is injetive by Propo-
sition 3.19, it follows that ker (π∗ ◦ fml) is nite dimensional.
The niteness of the dimension of
(⊕
q→p m̂Z,q
)/
m̂C,p implies that for eah
q ∈ S there is an integer nq ≥ 0 suh that
⊕
q→p m̂
nq+1
Z,q ⊂ m̂C,p. Then
ker
(
LDiv(Z) −→ LDiv(C)
)
⊂
⊕
q∈S
Homk
(
m̂Z,q
/
(m̂Z,q)
nq+1 , k
)
.
If tq is a loal parameter of m̂Z,q, Lemma 3.20 (iv)⇐⇒(v) yields
Homk
(
m̂Z,q
/
(m̂Z,q)
nq+1 , k
)
∼=
⊕
q∈S
t−nqq ÔZ,q/ÔZ,q
Then
ker (π∗ ◦ fml) ⊂ fml
−1
⊕
q∈S
t−nqq ÔZ,q/ÔZ,q

= Γ
OZ
∑
q∈S
nq q
/OZ
 .
3.4 The Funtor Div0Y/X
The idea about Div0Y/X is to dene a funtor whih admits a natural trans-
formation to the Piard funtor Pic0Y and measures the dierene between the
shemes Y and X , where π : Y −→ X is a projetive resolution of singularities.
Roughly speaking, Div0Y/X is a subfuntor of Div
0
Y whih lies in the kernel of
some kind of push-forward π∗.
Denition 3.22 For a k-sheme Y denote by WDiv(Y ) the abelian group of
Weil divisors on Y . Write weil : Div(Y ) −→ WDiv(Y ) for the homomorphism
whih maps a Cartier divisor to its assoiated Weil divisor, as dened in [Fu,
2.1℄.
Proposition 3.23 Let C be a projetive urve over k, and let π : Z −→ C be
its normalization. Then there is a subfuntor Div0Z/C of Div
0
Z , represented by a
formal group, haraterized by the following onditions:
Div0Z/C(k) = ker
(
Div0Z(k)
weil
−→WDiv(Z)
pi∗−→WDiv(C)
)
Lie
(
Div0Z/C
)
= ker
(
Lie
(
Div0Z
) fml
−→ LDiv(Z)
pi∗−→ LDiv(C)
)
.
Proof. A formal group in harateristi 0 is determined by its k-valued
points and its Lie-algebra (Corollary 1.7). Then the onditions on Div0Z/C de-
termine uniquely a subfuntor of DivZ (f. Proposition 2.13). Thus it sues to
show that Div0Z/C(k) is a free abelian group of nite rank and Lie
(
Div0Z/C
)
is
a k-vetor spae of nite dimension. The latter assertion was proven in Lemma
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3.21. For the rst assertion note that the normalization π : Z −→ C is an
isomorphism on the regular lous of C. As Z is normal, weil : DivZ(k) −→
WDiv(Z) is an isomorphism. Then Div0Z/C(k) is ontained in the free abelian
group generated by the preimages of the singular points of C, of whih there
exist only nitely many. Div0Z/C(k) being a subgroup of a nitely generated free
abelian group is also free abelian of nite rank.
Proposition 3.24 Let X be a projetive variety over k, and let π : Y −→ X
be a projetive resolution of singularities. Let F : Alg/k −→ Ab be the funtor
F =
⋂
C
(
_ · C˜
)−1
Div0eC/C
where C ranges over all Cartier urves in X relative to the singular lous Xsing
(Denition 3.1), C˜ is the normalization of C and _ · C˜ : DecY, eC −→ Div eC the
pull-bak of relative Cartier divisors from Y to C˜ (Denition 2.11, Proposition
2.12).
Then there is a subfuntor Div0Y/X of Div
0
Y , represented by a formal group,
haraterized by the onditions Div0Y/X(k) = F(k) and Lie
(
Div0Y/X
)
= Lie (F).
Remark 3.25 Let δ ∈ Lie
(
Div0Y
)
= Γ (KY /OY ) be a deformation of the zero
divisor in Y . Then δ determines an eetive divisor by the poles of its loal
setions. Hene for eah generi point η of height 1 in Y , with assoiated disrete
valuation vη, the expression vη(δ) is well dened and vη(δ) ≤ 0. Thus we obtain
a homomorphism vη : Lie
(
Div0Y
)
−→ Z.
Proof of Prop. 3.24. As in the proof of Proposition 3.23 it sues to
show that Div0Y/X (k) is a free abelian group of nite rank and Lie
(
Div0Y/X
)
is
a k-vetor spae of nite dimension.
Let D ∈ DivY (k) be a non-trivial divisor on Y whose support is not on-
tained in the inverse image SY = S ×X Y of the singular lous S = Xsing of X .
Then π
(
Supp(D)
)
on X is not ontained in S. Let L be a very ample line bun-
dle on X , onsider the spae |L|
d−1
, where d = dimX , of omplete intersetion
urves C = H1 ∩ . . . ∩Hd−1 with Hi ∈ |L| = P
(
H0(X,L)
)
for i = 1, . . . , d − 1.
For Cartier urves C in |L|
d−1
the following properties are open and dense:
(a) CY = C ×X Y is regular.
(b) C intersets π
(
Supp(D)
)
∩Xreg properly.
() D · CY is a non-trivial divisor on CY ∩Xreg.
(a) is a onsequene of the Bertini theorems, (b) is due to the fat that L is very
ample and () follows from (b) and the fat that Supp(D) is loally a prime
divisor at almost every q ∈ Y . Therefore there exists a Cartier urve C in X
satisfying the onditions (a)-(). Then the normalization ν : C˜ −→ C oinides
with π|CY and hene is an isomorphism on CY ∩ Xreg. Thus ν∗
(
D · C˜
)
6= 0.
This impliesD /∈ Div0Y/X (k). Hene Div
0
Y/X (k) is a subgroup of the free abelian
group generated by the irreduible omponents of SY of odimension 1. As SY
has only nitely many omponents, this group has nite rank. So Div0Y/X (k)
is a subgroup of a free abelian group of nite rank, hene is also free abelian of
nite rank.
Now let δ ∈ Lie (DivY ) be a deformation of the trivial divisor on Y . The
same argument as above shows that if δ ∈ Lie
(
Div0Y/X
)
, then Supp(δ) ⊂ SY .
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If C is a Cartier urve in X relative to Xsing, we denote by C
Y
the proper
transform of C, i.e. the losure of π−1(C ∩ Xreg) in Y . As π|CY : C
Y −→ C
is a birational morphism, the normalization ν : C˜ −→ C fators through a
morphism µ : C˜ −→ CY . Given η ∈ Sht=1Y , where S
ht=1
Y denotes the set of
generi points of SY of height 1 in Y , let Z be a urve in Y whih intersets
the prime divisor Eη assoiated to η properly in a point p. As Y is regular,
OY,η is a disrete valuation ring. Let vη be the valuation at η, and let vq be
the valuation attahed to a point q ∈ C˜ above p ∈ CY . Sine Lie
(
Div0eC/C
)
is
nite dimensional, there exists a number nq ∈ N suh that vq(γ) ≥ −nq for all
γ ∈ Lie
(
Div0eC/C
)
. The bound −nq depends only on the singularity of C at q.
More preisely, nq satises m
nq+1
eC,q
⊂ mC,p (f. Lemma 3.21). The number nq is
related to the dimension of the ane part of PicC , see [BLR, Setion 9.2, proof
of Proposition 9℄. If L is a suiently ample line bundle on X (i.e. a suiently
high power of an ample line bundle on X), one nds a family T ⊂ |L|
d−1
of
Cartier urves C whose proper transforms CY interset Eη properly in points
pC suh that the set {pC |C ∈ T } ontains an open dense subset Uη of Eη. By
upper semi-ontinuity of dimPicC for the urves C in |L|
d−1
, we may assume
that the sets vqC
(
Lie
(
Div0eC/C
))
for qC ∈ µ
−1(pC) admit a ommon bound
−nη for all C ∈ T . Then for eah δ ∈ Lie
(
Div0Y/X
)
with η ∈ Supp(δ) there is
a urve C ∈ T with vqC
(
δ · C˜
)
= vη (δ), sine this is an open dense property
among the urves that interset Eη. By denition, δ ∈ Lie
(
Div0Y/X
)
implies
that δ · C˜ ∈ Lie
(
Div0eC/C
)
. Then vη (δ) = vqC
(
δ · C˜
)
≥ −nη. We obtain
min
(
vη
(
Lie
(
Div0Y/X
)))
≥ −nη, i.e. the orders of poles of deformations in
Lie
(
Div0Y/X
)
are bounded. Hene for all η ∈ Sht=1Y there exist nη suh that
Lie
(
Div0Y/X
)
⊂ Γ
OY
 ∑
η∈Sht=1Y
nη Eη
/OY
 .
As Y is projetive, the k-vetor spae on the right hand side is nite dimensional.
Remark 3.26 The onstrution of DivY/X involves an intersetion ranging
over all Cartier urves in X, whih makes this objet hard to grasp. In fat, one
a formal subgroup E of Div0Y ontaining Div
0
Y/X is found, Div
0
Y/X an be om-
puted from one single urve: Let (for example) E be the formal group dened by
E(k) = {D ∈ Div0Y | Supp(D) ⊂ SY }, Lie (E) = Γ
(
OY
(∑
η∈Sht=1Y
nη Eη
)/
OY
)
,
as in the proof of Proposition 3.24. Then there exists a Cartier urve C in X
relative to Xsing suh that
Div0Y/X =
(
_ · C˜
)∣∣∣−1
E
Div0eC/C .
Indiation of Proof. For eah Cartier urve C in X , dene a subfuntor
FC of E by FC :=
(
_ · C˜
)∣∣−1
E
Div0eC/C . Then FC is a formal group for eah C,
and it holds Div0Y/X =
⋂
C FC . For eah sequene {Cν} of Cartier urves the
formal groups E0 := E , Eν+1 := Eν ∩ FCν form a desending hain
E0 ⊃ E1 ⊃ . . . ⊃ Eν ⊃ . . . ⊃
⋂
C
FC
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of formal subgroups of E . It is obvious that if rD ∈ Div0Y/X(k) for some
D ∈ DivY (k) and r ∈ Z \ {0}, then D ∈ Div
0
Y/X(k). Therefore Div
0
Y/X(k)
is generated by a subset of a set of generators of E(k), and this is a nitely
generated free abelian group. Moreover, Lie (E) is a nite dimensional k-vetor
spae. Hene the sequene {Eν} beomes stationary. Thus there is a nite set
of Cartier urves C1, . . . , Cr suh that Div
0
Y/X = FC1 ∩ . . . ∩ FCr . Then eah
Cartier urve C ontaining C1, . . . , Cr gives the desired Cartier urve.
3.5 The Category Mr
CH0(X)
0
We keep the notation xed at the beginning of Setion 3: X is a projetive
variety, π : Y −→ X a projetive resolution of singularities and U ⊂ Xreg a
dense open subset.
Denition 3.27 MrCH0(X)
0
is a ategory of rational maps from X to alge-
brai groups dened as follows: The objets of MrCH0(X)
0
are morphisms ϕ :
U −→ G whose assoiated map on zero-yles of degree zero Z0 (U)
0 −→ G(k),∑
li pi 7−→
∑
li ϕ(pi) fators through a homomorphism of groups CH0 (X)
0
−→
G(k). 2
We refer to the objets ofMrCH0(x)
0
as rational maps from X to algebrai groups
fatoring through rational equivalene or fatoring through CH0 (X)
0
.
Theorem 3.28 The ategory MrCH0(X)
0
of morphisms from U to algebrai
groups fatoring through CH0 (X)
0
is equivalent to the ategory MrDiv0
Y/X
of
rational maps from Y to algebrai groups whih indue a transformation of
formal groups to Div0Y/X (see Proposition 3.24 for the Denition of Div
0
Y/X).
Proof. First notie that a rational map from Y to an algebrai group
whih indues a transformation to Div0Y/X is neessarily regular on U , sine all
D∈Div0Y/X have support only on Y \ U . Then aording to Denition 3.4 and
Denition 2.29 the task is to show that for a morphism ϕ : U −→ G from U to
an algebrai group G with anonial deomposition 0 → L → G → A → 0 the
following onditions are equivalent:
(i) ϕ (div (f)C) = 0 ∀ (C, f) ∈ R0 (X,U)
(ii) divG (ϕY,λ)∈Div
0
Y/X ∀λ∈L
∨
where ϕY,λ is the indued setion of the G-bundle λ∗GY over Y introdued in
Subsetion 2.2. The prinipal L-bundle G is a diret sum of G-bundles λ∗G
over A, λ∈L∨; let ϕλ : U −→ λ∗G be the indued morphisms. Then ondition
(i) is equivalent to
(i') ϕλ (div (f)C) = 0 ∀λ∈L
∨, ∀ (C, f) ∈ R0 (X,U).
Hene it omes down to show that for all λ∈L∨ the following onditions are
equivalent:
(j) ϕλ (div (f)C) = 0 ∀ (C, f) ∈ R0 (X,U),
(jj) divG (ϕY,λ)∈Div
0
Y/X .
This is the ontent of Lemma 3.29 below.
2
A ategory of rational maps to algebrai groups is dened already by its objets, aording
to Remark 2.24.
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Lemma 3.29 Let ϕλ : U −→ Gλ be a morphism from U to an algebrai group
Gλ ∈ Ext (A,G), i.e. Gλ is a G-bundle over an abelian variety A. Then the
following onditions are equivalent:
(i) ϕλ (div (f)C) = 0 ∀ (C, f) ∈ R0 (X,U),
(ii) divG (ϕY,λ)∈Div
0
Y/X .
Proof. Let C be a Cartier urve in X relative to X \U , and let ν : C˜ −→ C
be its normalization. In the ase G = Gm Lemma 3.30 and in the ase G = Ga
Lemma 3.31 assert that the following onditions are equivalent:
(j) ϕλ|C (div (f)) = 0 ∀f ∈ K(C,C ∩ U)
∗
,
(jj) ν∗ (divG (ϕλ|C)) = 0 .
We have divG (ϕλ|C) = divG (ϕY,λ) · C˜, where _ · C˜ : DecY, eC −→ Div eC is the
pull-bak of Cartier divisors from Y to C˜ (Denition 2.11, Proposition 2.12).
Using the equivalene (j)⇐⇒(jj) above, ondition (i) is equivalent to
(i') (νC)∗
(
divG (ϕY,λ) · C˜
)
= 0 ∀Cartier urves C relative to X \ U .
Conditions (i') and (ii) are equivalent by denition ofDiv0Y/X (Proposition 3.24),
taking into aount that divG (ϕY,λ)∈Div
0
Y by Proposition 2.22.
Lemma 3.30 Let C be a projetive urve and ν : C˜ −→ C its normaliza-
tion. Let ψ : C 99K Gµ be a rational map from C to an algebrai group
Gµ ∈ Ext (A,Gm), i.e. Gµ is a Gm-bundle over an abelian variety A. Sup-
pose that ψ is regular on a dense open subset UC ⊂ Creg, whih we identify with
its preimage in C˜. Then the following onditions are equivalent:
(i) ψ (div (f)) = 0 ∀f ∈ K(C,UC)
∗
,
(ii) (f ◦ ν) (divGm (ψ)) = 0 ∀f ∈ K(C,UC)
∗
,
(iii) ν∗ (divGm (ψ)) = 0 .
Proof. (i)⇐⇒(ii) We show that for all f ∈ K(C,UC)
∗
it holds
ψ (div (f)) = (f ◦ ν) (divGm (ψ)) .
Let f ∈ K(C,UC)
∗
. Write f˜ := ν#f = f ◦ ν. Set S := C˜ \ UC . For eah s ∈ S
let Φs : Us×Gm −→ Gµ be a loal trivialization of the indued Gm-bundle over
C˜ in a neighbourhood Us ∋ s. Notie that vp (ψ) := vp
(
[ψ]Φp
)
is independent
of the loal trivialization. Sine f ∈ K(C,UC)
∗
, we have f ∈ O∗C,s for all s ∈ S
and hene div (f) ∩ S = ∅. Then by Lemma 3.32 it holds
ψ (div (f)) = (ψ ◦ ν)
(
div
(
f˜
))
=
∏
c/∈S
ψ(c)vc(
ef) .
The dening properties of a loal symbol from Denition 3.10 imply∏
c/∈S
ψ(c)vc(
ef) =
∏
c/∈S
(
ψ, f˜
)
c
=
∏
s∈S
(
ψ, f˜
)−1
s
.
Aording to Lemma 3.16 and the expliit desription from Example 3.13 of
loal symbols for rational maps to Gm this is equal to∏
s∈S
(
ψ, f˜
)−1
s
=
∏
s∈S
(
[ψ]Φs , f˜
)−1
s
=
∏
s∈S
(
f˜ , [ψ]Φs
)
s
.
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Finally, using again the dening properties of a loal symbol from Denition
3.10, we obtain∏
s∈S
(
f˜ , [ψ]Φs
)
s
=
∏
p/∈Supp(div( ef))
f˜(p)vp(ψ) = f˜ (divGm (ψ)) .
(ii)⇐⇒(iii) The impliation (iii)=⇒(ii) is lear. For the onverse diretion
rst observe that the support of divGm(ψ) lies neessarily in C˜ \ UC , sine ψ is
regular on UC . For eah s ∈ C \UC there is a rational funtion fs ∈ K(C,UC)
∗
suh that f(s) = t ∈ Gm \ {1} and f(z) = 1 for all z ∈ C \ (UC ∪ {s})
by the approximation theorem. Then (fs ◦ ν) (divGm (ψ)) = 0 if and only if
ν∗
(
divGm (ψ) |ν−1(s)
)
= 0, where divGm (ψ) |ν−1(s) is the part of divGm (ψ) whih
has support on ν−1(s). As this is true for all s ∈ C\UC, it shows the impliation
(ii)=⇒(iii).
Lemma 3.31 Let C be a projetive urve and ν : C˜ −→ C its normaliza-
tion. Let ψ : C 99K Gα be rational map from C to an algebrai group Gα ∈
Ext (A,Ga), i.e. Gα is a Ga-bundle over an abelian variety A. Suppose that ψ is
regular on a dense open subset UC ⊂ Creg, whih we identify with its preimage
in C˜. Then the following onditions are equivalent:
(i) ψ (div (f)) = 0 ∀f ∈ K(C,UC)
∗
,
(ii)
∑
q→p Resq (ψ dg) = 0 ∀g ∈ ÔC,p, ∀p ∈ C ,
(iii) ν∗ (divGa (ψ)) = 0 .
Proof. (i)⇐⇒(ii) Let f ∈ K(C,UC)
∗
. We will identify f with f ′ := ν#f .
Set S := C˜ \UC . For eah s ∈ S let Φs : Us×Ga −→ Gα be a loal trivialization
of the induedGa-bundle over C˜ in a neighbourhood Us ∋ s. Notie that for eah
ω ∈ Ω eC whih is regular at q ∈ C˜ the expression Resq (ψ ω) := Resq
(
[ψ]Φq ω
)
is independent of the loal trivialization. Then by Lemma 3.32 it holds
ψ (div (f)) = (ψ ◦ ν) (div (f ′)) =
∑
c/∈S
vc (f
′) ψ(c) .
The dening properties of a loal symbol from Denition 3.10 imply∑
c/∈S
vc (f
′) ψ(c) =
∑
c/∈S
(ψ, f ′)c = −
∑
s∈S
(ψ, f ′)s .
Aording to Lemma 3.16 and the expliit desription from Example 3.14 of
loal symbols for rational maps to Ga we obtain
−
∑
s∈S
(ψ, f ′)s = −
∑
s∈S
(
[ψ]Φs , f
′
)
s
= −
∑
s∈S
Ress (ψ df
′/f ′) .
Now df/f = d log f . More preisely, if f = α(1 + h) ∈ O∗C,p with α ∈ k
∗
and
h ∈ mC,p, then df/f = d(1+h)/(1+h) = d log(1+h) and log : 1+m̂C,p
∼
−→ m̂C,p
is well-dened. Thus the impliation (ii)=⇒(i) is lear.
For the onverse, we rst show that for eah p ∈ ν(S), eah g ∈ ÔC,p and eah
eetive divisor e supported on S there is a rational funtion fp ∈ K(C,UC)
∗
suh that d log fp ≡ dg mod e at ν
−1(p) and fp ≡ 1 mod e at s ∈ S \ ν
−1(p).
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Sine im
(
ÔC,p
d
−→ Ω bOC,p
)
= im
(
m̂C,p
d
−→ Ω bOC,p
)
, we may assume g ∈ m̂C,p.
Aording to the approximation theorem, for d =
∑
s∈S ns s there is fp ∈ K eC
suh that fp ≡ exp g mod d at ν
−1(p) and fp ≡ 1 mod d at s ∈ S\ν
−1(p). One
sees that fp ∈ K(C,UC)
∗
. In partiular, there is h ∈ m̂C,p with h ∈ m̂
nq
eC,q
for eah
q → p suh that exp g = fp+h = fp(1+f
−1
p h). Then g = log fp+log(1+f
−1
p h),
where log(1 + f−1p h) ∈ m̂
nq
eC,q
, sine f−1p h ∈ m̂
nq
eC,q
and log(1 + m̂n
eC,q
) = m̂n
eC,q
for n ≥ 1. This yields d log fp ≡ dg mod e at ν
−1(p) if e =
∑
s∈Sms s and
d =
∑
s∈S(ms + 1) s.
Choosing e =
∑
s∈Sms s large enough, i.e. ms larger than the pole order of
ψ at s, yields that Ress (ψ dfp/fp) = 0 for all s ∈ S \ ν
−1(p), as dfp/fp has a
zero of order ≥ ms − 1 at s ∈ S \ ν
−1(p). Hene ψ (div (fp)) = 0 if and only
if
∑
q→p Resp (ψ dfp/fp) =
∑
q→p Resp (ψ dg) = 0. It remains to remark that
Resc (ψ dh) = 0 for all h ∈ Ô eC,c ⊃ ÔC,ν(c), c ∈ UC , sine ψ and dh are both
regular at c.
(ii)⇐⇒(iii) Let q ∈ C˜. Then
∑
q→p Resp (ψ dg) = 0 for all g ∈ ÔC,p
is equivalent to the ondition that the image
∑
q→p [divGa (ψ)]q of divGa (ψ)
in
⊕
q→p Hom
cont
k(q)
(
m̂ eC,q, k(q)
)
vanishes on m̂C,p, by onstrution (Proposition
3.19), whih says 0 =
∑
q→p [divGa (ψ)]q ◦ ν̂
# ∈
⊕
q→p Hom
cont
k(q)
(
m̂C,ν(q), k(q)
)
.
This is true for all p ∈ C if and only if ν∗ (divGa (ψ)) = 0 by denition of the
push-forward for formal innitesimal divisors (Proposition 3.18).
Lemma 3.32 Let C be a Cartier urve in X relative to X \U and ν : C˜ −→ C
its normalization. If ψ : C ∩U −→ G is a morphism from C ∩U to an algebrai
group G, then for eah f ∈ K(C,C ∩ U)
∗
it holds
ψ (div (f)C) = (ψ ◦ ν)
(
div
(
ν#f
)
eC
)
.
Proof. Follows immediately from Denition 3.3.
3.6 Universal Regular Quotient
The results obtained up to now provide the neessary foundations for a desrip-
tion of the universal regular quotient and its dual, whih was the initial intention
of this work.
Existene and Constrution
The universal regular quotient Alb (X) of a (singular) projetive variety X is
by denition (see [ESV℄) the universal objet for the ategory MrCH0(X)
0
of
morphisms from U ⊂ Xreg fatoring through CH0 (X)
0
(Denition 3.27). In
Theorem 3.28 we have seen that this ategory is equivalent to the ategory
MrDiv0
Y/X
of rational maps from a projetive resolution of singularities Y for X
to algebrai groups whih indue a transformation to the formal group Div0Y/X .
Now Theorem 2.39 implies the existene of a universal objet AlbDiv0
Y/X
(Y ) for
this ategory, whih was onstruted (Remark 2.41) as the dual 1-motive of[
Div0Y/X −→ Pic
0
Y
]
. As Alb (X) = AlbDiv0
Y/X
(Y ), this gives the existene and
an expliit onstrution of the universal regular quotient, as well as a desription
of its dual. The proof of Theorem 0.1 is thus omplete.
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Funtoriality
Let X , V be projetive varieties whose normalizations X˜, V˜ are regular. We
analyze whether a morphism σ : V −→ X indues a homomorphism of algebrai
groups Alb (V ) −→ Alb (X).
As the funtoriality of the universal objets AlbF (Y ), where Y is regular and
F ⊂ Div0Y is a formal group, has already been treated in Proposition 2.52, we
will redue the problem to this ase. Therefore it obliges to show under whih
assumptions the following onditions hold:
(α) A morphism σ : V −→ X indues a morphism σ˜ : V˜ −→ X˜ .
(β) The pull-bak of relative Cartier divisors maps Div0eX/X to Div
0
eV /V
.
For this purpose we introdue the following notion, analogue to Denition 3.1
(keeping the notation xed at the beginning of this Setion 3):
Denition 3.33 A Cartier subvariety in X relative to X \ U is a subvariety
V ⊂ X satisfying
(a) V is equi-dimensional.
(b) No omponent of V is ontained in X \ U .
() If p ∈ V \ U , the ideal of V in OX,p is generated by a regular sequene.
Remark 3.34 A Cartier subvariety V in X relative to X \ U in odimension
one needs not to be a Cartier divisor on the whole of X. Point () of Denition
3.33 implies that V is a loally prinipal divisor in a neighbourhood of X \ U .
Proposition 3.35 Let V ⊂ X be a Cartier subvariety relative to X \ U . Then
the pull-bak of relative Cartier divisors and of line bundles indues a transfor-
mation of 1-motives  Div0eV /V↓
Pic0eV
←−
 Div0eX/X↓
Pic0eX
 .
Proof. It sues to verify the onditions (α) and (β) mentioned above.
As no irreduible omponent of V is ontained in X \U by ondition (b) of Def-
inition 3.33, the base hange V ×X X˜ =: V eX −→ V of X˜ −→ X is biregular for
eah irreduible omponent of V eX , and there is exatly one irreduible ompo-
nent of V eX lying over eah irreduible omponent of V . Thus the normalization
V˜ −→ V fators through V eX −→ V . We obtain a ommutative diagram
V˜

""
@
@@
@@
@@
@
V eX
//

X˜

V // X
The morphism V˜ −→ X˜ indues a pull-bak of families of line bundles Pic0eX −→
Pic0eV and a pull-bak of relative Cartier divisors Div
0
eX/X
−→ Div0eV , sine no
omponent of V is ontained in Supp
(
Div0eX/X
)
. A Cartier urve in V relative
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to UV = V ×X U is also a Cartier urve in X relative to X \ U . Therefore the
denition of Div0eV /V (Proposition 3.24) implies that the image of Div
0
eX/X
under
pull-bak _ · V˜ lies atually in Div0eV /V . This gives a ommutative diagram of
natural transformations of funtors
Div0eV /V

Div0eX/X

oo
Pic0eV Pic
0
eX
oo
Dualization of 1-motives yields the following funtoriality of the universal
regular quotient:
Proposition 3.36 Let ι : V ⊂ X be a Cartier subvariety relative to X \ U .
Then ι indues a homomorphism of algebrai groups
Alb(ι) : Alb (V ) −→ Alb (X) .
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